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Abstract

In this paper the problem of computing uncertainty regions for models identified through an instrumental variable technique is considered.
Recently, it has been pointed out that, in certain operating conditions, the asymptotic theory of system identification (the most widely used
method for model quality assessment) may deliver unreliable confidence regions. The aim of this paper is to show that, in an instrumental
variable setting, the asymptotic theory exhibits a certain “robustness” that makes it reliable even with a moderate number of data samples.
Reasons for this are highlighted in the paper through a theoretical analysis and simulation examples.
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1. Introduction

Model quality assessment is an important (and also chal-
lenging) problem in system identification. In fact, it has been
widely recognized that an identified model is of little use in
practical applications if an estimate of its reliability is not pro-
vided together with the model itself. In other words, if S is the
data-generating system and S is the identified model, it is fun-
damental to characterizeA the system-model mismatch, i.e. the
distance between S and S (see [11,9,5,1]).

One of the best-known tools for model quality assessment
is the asymptotic theory of system identification [10,13]. The
asymptotic theory works in a probabilistic framework and re-
turns asymptotic ellipsoidal confidence regions for S—namely,
regions in the parameter space to which the data-generating
system parameter belongs with a pre-assigned probability when
the number of data grows unbounded.

In real applications, the major drawback with the use of the
asymptotic theory is that only a finite number of data points is
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available. Consequently, the asymptotic theory applies only ap-
proximately, and it is a common experience that it returns sen-
sible results in many cases, but not always. As a matter of fact,
it has been recently shown that—in condition of poor excitation
and depending on the underlying identification setting—the el-
lipsoid obtained through the asymptotic theory may even be
completely unreliable (see [3,6]).

This limitation of the asymptotic theory is quite severe be-
cause lack of excitation is common in many applications, par-
ticularly when the identification has to be performed in closed-
loop with restricted bandwidth. This happens, for example, at
the first iterations of iterative controller design schemes (see
[2,4,7,8,14]). Moreover, at a more general level, one can argue
that the model quality assessment is even more important when
the system is poorly excited as this means that the system-
model mismatch is significant.

Our previous contribution [6] focuses on prediction error
minimization (PEM) identification techniques and shows the
problems which may arise if the model structure is not appro-
priately selected relative to the identification setup. Herein, we
consider the instrumental variable (IV) identification methods
and we investigate the applicability of the asymptotic theory for
the assessment of the model quality in situations where poor in-
formation may occur. The good news conveyed by this paper is
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that in IV settings the asymptotic theory exhibits a “robustness”
property so that it can be safely used in real applications even
in case of poor excitation and for moderate data samples. The
reasons for such a “robustness” are highlighted through theo-
retical arguments.

1.1. Structure of the paper

In Section 2 the IV identification setting is presented and
a brief summary of the standard asymptotic theory is given.
Moreover, the problems that may arise when using the asymp-
totic theory in presence of poor excitation are pointed out. Sec-
tion 3 delivers a new asymptotic result, also valid in “singular”
conditions, precisely defined in Section 3. This result makes it
possible to show in Section 4 that the asymptotic theory for IV
methods can be safely used even when data are poorly exciting.
Some simulation results are given in Section 5.

2. Model quality assessment for IV identification
2.1. Mathematical setting

Throughout the paper we suppose that the data are generated
by the following dynamical system, which is assumed to be
asymptotically stable:

y(t) = o) +v(), (1

where

u(t —1)...ut —np)]

is the n-vector (n = n, + np) of observations and

)=yt =1 ...yt —ny)

0_r_0 0 30 0
V' =[-aj...—a,, bj...b,]

is the true system parameter vector, supposed to be an interior
point of an a priori known compact set ©.
We will also write system (1) in the operational form

Az Hy® = B Hu@) + v (),
where
A D =1+a)z"+ 4a) 27",
B =0+ b0 2,
and z~! is the unit-time delay operator.

The input u(¢) and the residual process v(¢) are generated

according to the following scheme which encompasses closed-
loop as well as open-loop configurations:

u(t) =G Hr@) + Hz De@), v@)=ViE Hew), @)

where G(z71), H(z™"), V(z™1), r(¢) and e(¢) satisfy the fol-
lowing assumption.

Assumption 1. The transfer functions Giz™YH, Hz™YH and
V(z~!) are rational, proper and asymptotically stable. In addi-
tion, V(z~') has no zeroes on the unit circle in the complex
plane. e(#) is a sequence of independent zero mean random

variables with variance 4> > 0 and such that [E[|e(t)|4+‘3 ] < o0,
for some 6 > 0. r(¢) is a wide sense stationary, stochastic, er-
godic, external input sequence. r(¢) and e(¢) are independent.

Remark 1. For subsequent use we note that both u(¢) and
y(t) can be seen as the sum of two independent processes, one
depending on r(¢) and the other one depending on e(¢). That
is, u(t) = u,(t) +ue(t) and y(1) = yr(t) + ye(t), where

uy (1) = Gz @),  u(t) = H(z He(r),

_ B(Zil) -1
5 = 2 = G,

_BETH —1
o) = o HE e + 1 Ve,

According to the IV technique [10,13,12] the estimate @N of
¥° is computed as

~ 1 Y 1Y
Iy =solyco | == D L@ V=23 Loy® ., O
=1 t=1

where N is the number of data points and {(¢), the so-called in-
strumental variable, is a n-dimensional, stationary, stochastic
process, uncorrelated with the residual process v(¢) and corre-
lated with the observation vector ¢(z).

Throughout the paper we assume that {(¢) is chosen as fol-
lows:

Assumption 2. {(t) = ¢, (1), where ¢, () is defined as

yr@ =1 ..yt —ng) uy(t—=1)...u(t _nb)]/‘

In other words, the instrumental vector {(¢) is the part of the
observation vector depending on the external input sequence

r(t).

Remark 2. The choice {(t) = ¢, (¢) is optimal in that it mini-
mizes the estimation error variance (see [12]). In practice, the
typical way of generating ¢, (¢) is to first identify an initial
model (through some identification method) and then by oper-
ating this model with the only signal »(¢) active. This procedure
can be refined in an iterative way.

Let ©* be the set of solutions to equation

El{)e®)19 = E[L@)y0)]. “)

It can be proved (SEe [10,12,13]) that, in the present setting, the
distance between ¥y and @* N O tends to zero, as N — oo.

Moreover, thanks to Assumption 2 and Eq. (1), Eq. (4) can
be rewritten as

Elo, (1)p®)'19 = Elo, (1) o) 19° + Elg, (1) v(1)],

and, since ¢(t) =@, () + ¢,(¢) and r(¢) is independent of e(),
the last equation is equivalent to

Elg, (1), ()19 —1°) =0. (5)
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It follows that the cardinality of ©®* depends on the rank of the
matrix E[@, (£)¢, (t)'] and that 90 always belongs to ®*. Thus,
if E[g, () o, (t) ] is nonsingular, then @* is the singleton (9%}
and Uy — ¥° as N — oo.

2.2. Asymptotic theory

We turn now to the problem of evaluating the accuracy of a
model estimated through the IV method. The asymptotic The-
orem 1 can be trivially obtained from the general results pre-
sented in [10,12,13]. Before stating the theorem some prelim-
inaries are in order.

Suppose that E[¢, (t)¢,(1)'] is nonsingular. Then, let

Qs = ZElp} 1)} 1)1, (6)

where ¢*(1) =Y 2%, (t —i) and o; are the Markov coef-

ficients of V(z™1), viz. V(z7!) = Zfioociz_i. In other words,

@% (1) is the observation vector ¢(z) filtered through V(zh.
Further, let

Py = o, ()0, ()17 QxEle, (1) o, (1)1 7

and consider the following ellipsoid centered in @N and inter-
sected with ©:

E,0r)={0 €0 : @Dy —9)P Dy —9)<r), (8)

where r, the so-called “size” of the ellipsoid, is a real positive
number.

Remark 3. It is perhaps worth mentioning that assuming that
V(z~1) has no zeroes on the unit circle (Assumption 1) serves
the purpose of guaranteeing that the definition of &, (r) is well
posed, i.e. Py is invertible. See Appendix A.1 for details.

The following theorem suggests how to select r so that
&4(r) is an ellipsoidal confidence region for 90 of pre-assigned
asymptotic probability.

Theorem 1. Under the assumptions in this section, we have
that

l1m [P’{ﬂo o1 <%)}=p

where p(p) is the inverse of the function p = fop f;2(x) dx and

f,2(x) is the probability density of a x? random variable with
n degrees of freedom.

In the practical computation of &,(r), Q, and P, cannot be
exactly computed for the following two reasons

(1) The Markov coefficients «;’s and the noise variance /2 are
not known.
(i) The expectations cannot be exactly evaluated.

As for (ii), the common way to proceed is to replace E with
1/N > i.e. to resort to the sample counterparts of the expecta-
tions. This is asymptotically correct since 1/N ) — [E almost
surely as N — oo.

Point (i) plays a significant role in the analysis to come and
is therefore discussed separately in the subsequent Section 2.3.

2.3. Discussion on the practical use of the asymptotic theory

The exact computation of &,(p(p)/N) requires the knowl-
edge of /2% and Viz h (see Egs. (6)—(8)). However, both these
quantities are unknown in practice and have to be identified
from data.

To estimate 4> and V(z~1), a common choice is to_iden-
tify an ARMA model describing the residual error &(7, ¢ 9 N) =

y(t) — () 19N This is motivated by the fact that &(z, 19N) —
v(t) = V(z_l)e(t) as N — oo, since, under the assumption of
Theorem 1, I N — 9O,

In a practical apphcatlon the number of data points is fi-
nite so that 191\/ # 9° and A 2 and V(z!) cannot be identified
exactly. However, when ¢,.(¢) is well exciting (and therefore
Elo, (1), ()] is positive definite with all the eigenvalues away
from zero) we have 9 ~ ~ ¢¥° and the introduced approximation
is small.

Consider now the situation of poorly exciting inputs, so that
matrix E[¢, (1)@, (¢)'] has some eigenvalues close to zero. As
long as E[o, (1)@, (t)'] is not exactly singular, it is still true
that the estimate 9y converges to the true system parameter ¥
as N — oo. However, such a convergence takes place with a
very slow rate and it may happen that I v is far from ¢° even
for a large N. In this case it is no longer true that (¢, 19N)
approximates v(t), so that /2 and V(z~1) cannot be identified
with a good accuracy.

Thus, one could think that, in case of poor excitation, the
asymptotic theory may lead to erroneous results. One of the
main scopes of this paper is to prove that this is not so and the
asymptotic theory can still be safely applied.

To this aim, we first develop in the next section a new asymp-
totic theory valid for the singular case (lack of excitation) and,
then, we show in Section 4 that, in the light of this new the-
ory, the asymptotic results maintain their applicability in case
of poor excitation.

3. Asymptotic theory for the singular case

Let us assume now that det E[¢@, (1)@, (1)'] =0, i.e. we are
in the singular case. The aim of this section is to show that a
result similar to Theorem 1 still holds true.

As it has been already noted in Section 2.1, if matrix
E[g, (1), (t)'] is singular, then the set of asymptotic estimates
©®* is not a singleton, but it is an affine subspace whose di-
mensionality d is equal to the dimension of the kernel of
Elo, (1)@, (t)'] (see Eq. (5)). Refer the parameter space to a
basis having the first d components parallel to @*, and the
remaining n — d components orthogonal to @*. Let x be the
first d coordinates in this basis, whereas z are the remaining
n — d coordinates (see Fig. 1 for a graphical representation in
a bi-dimensional space). Thus, [(x9Y (%7 and [GN) Cn)'T
represent 9° and Dy, respectively. Furthermore, in such coor-
dinates, we have that @* = {[x’ z']' : z = °}.
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Fig. 1. The parameter space.

In the present singular setting, matrix (1/N) Y {(@)p(1)' =
(1/N)Y ¢, () e@) in Eq. (3) is singular itself, leaving a de-
gree of freedom in the choice of ¥y. In the sequel we as-
sume that ¥y is fixed by a suitable deterministic tie-break rule
such that ¥y tends almost surely to a limit estimate 9* =
[(x*) (z*)'], where ¥* is an interior point of @. As an exam-
ple, if @ is a sphere, as a tie-break rule one can take the 19N
with smaller distance from the sphere center. Note that, though
9* € O (and, therefore, z* = z¥), ¥* # 9 in general since
x* # x9,

We now turn our attention to the problem of model quality as-
sessment. We concentrate on characterizing how N converges
to z (Theorem 2). In contrast, the difference Xy — x° does not
g0 to zero as Xy — x* # x¥ so that Xy — x° tends to a deter-
ministic number that depends on the introduced tie-break rule.

We need a simple preliminary lemma. Let ¢ (¢) be the pro-
jection of ¢, () along the x-axis, and ¢Z(t) the projection along
the z-axis. We have:

Lemma 1. ¢} (t) = 0 almost surely, while E[¢Z (t)(pf(t)/] is
nonsingular. Moreover, &(t, 9*) = y(t) — @(t)'0* only depends

on e(t) and can be written as y_.— Bie(t —i), for suitable f;’s

Proof. See Appendix A.2. [

Now, let
5 =2E Zﬁ,w,a z>2ﬁ,¢,<r—n :
and

P§ = Elg} ()0} ()17 Q3 El@f (D 9f (1)1
Furthermore, consider the following ellipsoid centered in Zy:
&3 ={z € 0:: @v —2) (PP~ @v —2)<r),

where O, is the point-wise projection of @ onto the z-axis and
r is again the size of the ellipsoid and is a real positive number.

Remark 4. E[¢Z(t)¢? (t)/]_1 exists in view of Lemma 1. In-
stead, similarly to QO in Remark 3, invertibility of Q% requires

that Y72, B:z~" has no zeroes on the unit circle. Such condition
is assumed here for granted.

The following theorem suggests how to select r so that 6 3(r)

is an ellipsoidal confidence region for z° of pre-assigned asymp-
totic probability.

Theorem 2. We have that
€ &

)l

where p(p) is the inverse of the function p= fop f2(x) dx and

lim P {z
N—o0

f;2(x) is the probability density of a 1% random variable with
n — d degrees of freedom.

Proof. See Appendix A.3. [J

Note that 5; # o; in general. Thus, if one uses the Markov
coefficients o;’s of V(z~!) when computing (5;, the resulting
ellipsoid fails to represent a confidence region with the pre-
assigned level of confidence. What is remarkable in Theorem
2 is that, in order to compute a correct ellipsoid, one has to use
alternative coefficients f3;’s and these coefficients can in fact be
estimated from the residual error (¢, ¥) since 9y — 9* and
e(r, %) =>"72Bie(t — i) (see Lemma 1).

Remark 5. It is worth mentioning that Theorem 2 is a gener-
alization of Theorem 1. As a matter of fact, in the nonsingular
case, d =0 so that z=1 and the statement of Theorem 2 reduces
to that of Theorem 1.

In view of the result of Theorem 2, it is possible to determine
a confidence region for ¥° (and not only for z0).

Since the difference between Xy and x remains unpre-
dictable (Xy tends to x* and not to x?), the natural choice is to
consider the degenerate ellipsoid

9685 (pj\f)>

- {19= ¥ 21 e6: @y -2/ (P~ Gy <=

p(p) }
Tk

which is nothing but the ellipsoid & (p( p)/N) extended along
the x direction and intersected with @

Then, as a direct consequence of Theorem 2, we have the
following theorem saying that & g(p(p)/N) is an asymptotic
p-confidence region for 9.

Theorem 3. We have that

o)+

where p(p) is the inverse of the function p = fop fy2(x) dx and

lim P {190 €9
N—o0

f;2(x) is the probability density of a ¥? random variable with
n — d degrees of freedom.
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4. Use of the new asymptotic results in practice

Consider an identification problem with a finite number, say
N, of data points. We recall in the following the standard way
the asymptotic theory is used in practice. Then, we show that
this way of proceeding is valid not only in the case of full
ex01tat1on (19N ~ 190) but also in poor excitation conditions
(ﬂN far from 9%). In other words, the standard procedure is
robust, as it will be seen thanks to the new asymptotic theory
developed in the previous section.

The standard procedure can be outlined as follows. After
estimating ¢y, compute the associated prediction error &(¢, J )
and then estimate a model Y ;°, y;e(r — i) describing such a
prediction error in term of the white noise e(f), and estimate

the variance of e(t) (let //1\2 denote such an estimate). Here,
y;’s are the coefficients estimated from data and, depending on
the context in the discussion to follow, they represent either
an estimate of the o;’s (see Eq. (6)) or an estimate of the f3;’s
(see Lemma 1). Then, for a given confidence probability p,
we compute the ellipsoid & (p(p)/N) along the line traced in
Section 2, namely,

Z, (%) = {0 L@y — 0 P @y

where

| —1A2 N
P, = ( v 2 cprmwr(r)) Z HOrAGY

t=1

(32

—19)<¥}, (€))

-1

(t)cor(t)/> )

2 I

@r(t) = Y7279, — i) and p(p) is such that p =

p ») f2(x)dx where f2(x) is the probability density of a
}5 random variable with n degrees of freedom. To motivate
the validity of this way of proceeding, suppose first that the
regressor ¢, (1) excites well all the directions in the parameter
space (full excitation case). Then, 19N ~ ¥ so that the 7;’s be-
come an estimate of the «;’s and (5} (p(p)/N) =~ Ex(p(p)/N)
so that Theorem 1 applies to conclude that a reliable estimate
of a p-confidence region for ¥° has been computed.

The crucial fact is that formula (9) is also motivated in case
of poor excitation where 9 ~ is far from 90 (the case where
estimating the mismatch between 19N and 9° is in fact more
significant) as we next discuss.

The situation of poor excitation where 19N is far from ¥°
can be interpreted as a perturbed version of the singular setting
where 9 ~ converges to some 9 different from ¥°. As we have
seen in Section 3, Theorem 3, the degenerate ellipsoid Z¢& B
should be used in this case and, correspondingly, the f5;’s are
the coefficients to be computed for the construction of Z&4. In
this respect, note that the y;’s are estimates of the f;’s in this
case since 19N ~ " (see Lemma 1) Moreover, due to the poor
excitation condition, the ellipsoid 8, y(p(p)/N) turns out to be
elongated in the poor excitation direction, so that &, y X DEp.

This motivates the use of the standard asymptotic approach for
model quality assessment also in this case.

Perhaps, it should be finally noted that the p(p) in (9) refers
to a y*> with n degrees of freedom while a n — d degrees of
freedom Xz distribution should be used, as stated by Theorem
3. This is a slight inaccuracy of the standard asymptotic theory
which is remarked here, though its effects are quite negligible
as it results in a slight over-bounding of the confidence region.
See the simulation results in the next section.

5. Simulation results

The simulation example of the present section serves the
purpose of illustrating the theory and it is not intended as a
real application example. Correspondingly, the simplest possi-
ble situation has been selected. While the situation is artificial,
the drawn conclusions bear a breath of general applicability.

We considered a first order data-generating system with =
[—a® b°7 =[0.9 0.17 and V(z~') =1 + 0.5z~ !. That is

y() =09y — 1) +0.1u(t — 1) + e(t) + 0.5e(t — 1),

where e(t)=WGN (0, 1). As is obvious, during the simulation,
¥° was assumed to be unknown. The only a priori information
we assumed was that 9° € @ = {[a b] : a® + b2 <20}.

To identify this system, the plant was operated in open-loop
with u(¢) =r(¢), and the IV technique was used with ¢(t) =
[y —1D u—D1and {() =) =[y-(t = 1) r(t—DT,
where

Y (t) = 0.9y, (t — 1) +0.1r(t — 1).

As input signal, we used u(t) = 1 + &(¢t), where &(¢) =
WGN (O, 10_6). Note that the variance of £(¢) is very small
as compared to the noise variance so that the input u(z) is
poorly exciting (u(¢) is nearly exciting of order 1 while two
parameters had to be identified).

The identification was repeated 500 times, by using N =
5000 data points each time. In each experiment a parameter

i=1...500, was identified and a
95%-confidence region was estimated as (p(O 95)/N) (see
Section 4). The true parameter ¥° turned out to belong to

£,(p(0.95)/N) in 489 cases out of 500, that is, with empirical
frequency of 97.8%.

pe N
vector ¥y = [—a)y b1,

Remark 6. Note that the estimated ellipsoid /o@l/ (p(0.95)/N)
turns out to be an over-bound of a 95%-confidence region (the
empirical fraction of 9 e 5;(p(0.95)/N) was 97.8%), be-
cause as explained in Section 4 the value p(0.95) was computed
referring to a x> with 2 (instead of 1) degrees of freedom.

As an interesting comparison, we further computed the 95%
confidence region with the true parameters o;’s (3 roo%z " =
V(z~1)). The results are summarized in Table 1. As it appears,
using the true parameters o; ’s leads to wrong results (the success

rate of ¥° € 2;(p(0.95)/N) was of only 48.4%). The reason
for such a bias is explained in Section 4.
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Table 1
Reliability of the estimated confidence region

90 in & 90 out of & % of success
-~ 0.95
&, (p ( )> 242 258 484
N
~ 0.95
&,(p(N )) 489 11 97.8

6. Concluding remarks

In this paper, a new asymptotic result, valid also in a sin-
gular case, has been developed for an IV identification setting.
Grounded on this new result, we have shown that the asymp-
totic theory can be safely used for model quality assessment,
even in the case of poor excitation and moderate data samples.
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Appendix A
A.l1. Complements to Remark 3

Note that, Py is invertible provided that Q, is nonsingular.
Here, we show that Q, > 0.

Let v be a generic vector of R" and consider v/ Qyv =
2V E@X D)X o = 22 VEL(@() — E[ZOD (1) —
E[o*()]) Tv 4 42 - v E[@X(0)]E[@%(1)] v.

Since % (1) = V(z’l)qor (t), we obtain, through the Parseval
identity,

2 T
VO w=— [ V() |V(E?)do
27

-7

+ 22V ()% -V Elg, (O1E @, ()] v,

where @, (el®) is the spectrum of the n-dimensional process

@, (1).
This implies that

e

"2
V' Quv> min |V(é(“)|2.i/ V'@, ()0 do
we[—mn, ] 27

—T

+ 22V (1)* V' Ele, ()]E[e, (D] v.

Applying now the assumption that V(zfl) has no zeroes on
the unit circle we have minwg[_n,n]lV(eJ“’)|2 =k > 0. Since,
in addition, 4>>0 and Elp, (1)@, (1)']>0 by assumption,

we conclude that

U’wa(% / v’@(ej”)vdw+v’fE[<p,(r>][E[<p,<r)]’v)

-7
=k - VElp, ), @) Tv>0 Yv 0,

i.e. Qy is positive definite.

A.2. Proof of Lemma 1

Let T be the n x n rotation matrix such that 79 =
[x" /1. Referring Eq. (5) to the x,z coordinates (i.e.
TE[p, (1), () 1T'T () — 9°) = 0), we obtain

E [%(’W @f(w&d} [ _x(’} 0
P:ef (1) @ i) JLz—2" ‘

Since [x’ z]’ is a solution of this equation if and only if z=2z°,

while each value of x is feasible, it follows that E[@%(7)@%(7)']
must be nonsingular, while E[¢ ()¢} (7)'] must be equal to
zero so that ¢y (1) = 0, almost surely.
Consider now &(t, 9*) =y (t) — @(t)’9*. It can be rewritten as
P(1) (0° = ) + v(0)
=" ()" —x") + 0" (1) @ = ) + (),

where [¢* (1) ¢%(1)'] = T ¢(t). Noting that z° = z* and that
@ (1) =@k (1) + @l (1) = @X(t) almost surely, we obtain

e(t, %) = X (1) (x° — x*) + ().

Thus, &(z, ¥*) is the stationary output of a dynamical linear
system fed by e(t), and > ;2 f;e(t — i) is the Markov repre-
sentation of such a process.

A.3. Proof of Theorem 2

Referring the equation in (3) to the x, z coordinates, we have
that

1 J . 1Y )
§ 2 OO0 O Gy =3+ 5 3 or0¢7 1) Gy — )
=1 t=1

1 N
= 2O ),

=1

1 & _ 1<
5 2 00" Gy =2 + = 3 gl 097 @y — )
t=1 t=1

1 N
== D @i (D),
N =1

with ¢*(¢) and ¢*(¢) defined as in the proof of Lemma 1.
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The first equation is 0 = 0 almost surely, since ¢ () =0,
almost surely. Instead, inflating the second equation by /N
yields

1 N
5 209 VN Gy — )
=1
N

1 -~
=7 3 i) + @2 (1) ° —F))
=1

N

1
= TN P AGIOAGYES

t=1

—x%) + ()

f Z@,(t)q)e(r) (x* —XN) (A.D)

almost surely, where we have used the fact that @™ (1) =¢; (1) +
@, (t) = @, (t), almost surely. Note that the term ¢} ) (xY —
x*) 4 v(r) is equal to Y ;2 B;e(r — i) (Lemma 1).

If we now suppose that the second term (1/ VN )va: LPE(T)
@ () (x* — Xn) can be neglected (a fact whose proof is
postponed below) then, following the same rationale as in
[10]—chapter 9—it can be proved that the term VN @v =729
in (A.1) is asymptotically distributed as a (n — d)-dimensional
Gaussian random variable with zero mean and variance
equal to

Elof (D)1 7 E Zﬁl%(t—l)Zﬁ,mr(t—J)

i=0 j=0
Elo} ()i ()] = Pj.

From this,
N@n —2)(P
X random Varlable with (n — d)-degrees of freedom.

Turning now back to the term (1/+/N)Y-N_ o2 (1) ¥ (1) (x* —
Xn), the fact that it can be neglected corresponds to say that
it tends to zero in distribution. To show this we prove the
stronger convergence to zero in probability.

To ease the notation suppose x and z scalar. Then, for v>0
and k > 0 we have

the theorem thesis easily follows noting that
) "Gy —2) is asymptotically distributed as a

N
1
lim P{|— L)k (1) (x* — X
Jlim ﬁg%“%““ V)| > v
1 N v
< Jlim P ﬁgq)imfpzm > kUl —Ty]> ¢
< I Pil—
Jim \/— Z@r(t)q)g )| >k
. Ay
+ Jim B {1 =Tl ] A4.2)

The second term is zero Vk >0 since x* — Xy — 0 almost
surely. In the first, (1/v/N )vazlgof (t) @y (t) is asymptotically
Gaussian, say %(0, 02), so that the first term is the tail probabil-
ity of 4(0, 02) and it tends to 0 as k — oo. Thus, the right-hand
side of (A.2) is vanishing with k — o0. Since the left hand
side does not depend on %, it remains proven that it is zero.
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