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An Iterative Identification Method
for Linear Continuous-Time Systems
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Abstract—This paper presents a novel approach for the iden-
tification of continuous-time systems directly from sampled 1/0
data based on trial iterations. The method achieves identification
through iterative learning control (ILC) concepts in the presence
of heavy measurement noise. The robustness against measurement
noise is achieved through 1) projection of continuous-time I/0 sig-
nals onto a finite dimensional parameter space and 2) Kalman filter
type noise reduction. In addition, an alternative simpler method
is given with some robustness analysis. The effectiveness of the
method is demonstrated through numerical examples for a non-
minimum phase plant.

Index Terms—Continuous-time systems, iterative learning con-
trol, Kalman filter, system identification.

I. INTRODUCTION

NE of the most important issues in control system de-
O sign is to obtain an accurate model of the plant to be con-
trolled. Though most of the existing identification methods are
described in discrete-time, it would often be convenient to have
continuous-time models directly from the sampled I/O data. In-
deed many controller design approaches are cast in a contin-
uous-time set-up and, moreover, it is often times easier for us to
capture the plant dynamics intuitively in continuous-time rather
than in discrete-time.

A basic difficulty of continuous-time identification is that
standard approaches (at times called direct methods) require to
compute the time-derivatives of I/O data, a nontrivial and very
delicate task in the presence of measurement noise. A compre-
hensive survey of this difficulty and of the attempts made to
overcome it has been first given by [19] and then by [17]. For
more information on direct methods, the reader is referred to the
book [14]. Furthermore, the Continuous-Time System Identifi-
cation (CONTSID) tool-box has been developed on the basis of
these direct methods [5]-[7].

On a different topic, iterative learning control (ILC) has at-
tracted much attention over the last two decades as a powerful
model-free control methodology [1]-[4], [10], [11], [18]. ILC
returns the input which achieves output tracking by iteration of
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trials for uncertain systems. Though ILC can deal with plants
having large uncertainty, most ILC approaches need time-deriva-
tives of I/0 data in the continuous-time case [15], and therefore
it is quite sensitive to measurement noise. Recently, Hamamoto
and Sugie [8], [9] proposed an ILC where the learning law
works in a certain finite-dimensional subspace and showed that
time-derivatives of the tracking error is not required to achieve
perfect tracking in the proposed scheme. Based on this work,
Sugie and Sakai [13], [16] proposed an ILC which works in the
presence of heavy measurement noise (more than 30% noise
to signal ratio) and, moreover, the method was shown to be
applicable to the identification (as opposed to the control) of
continuous-time systems as well. This identification method
proved several advantages such as: 1) no time-derivatives of
I/O data are required, 2) it delivers unbiased estimations, and
3) the identified model quality can be estimated by inspecting
the tracking performance through experiments. An important
restriction applies to this method though: only models with no
zeros can be dealt with and this restriction should be removed.

The purpose of this paper is to introduce an identification
method for linear continuous-time systems with poles and zeros
based on the ILC approach proposed in [13] and [16]. An ad-
ditional important advantage of the method proposed herein is
that, differently from the algorithm in [13] and [16], it guaran-
tees zero convergence of the parameter estimation error as the
number of trials increases.

The following notations will be used. Superscript denotes the
trial number and subscript denotes the element of a set or a ma-
trix. For instance, input u at the kth trial is written as uF while
x; is the 7th element of the vector x.

Section II contains the system description, while the new iden-
tification procedure is given in Section III. Section IV presents
a simplified scheme and implementation issues are discussed in
Section V. Finally, simulation examples are given in Section V1.

II. SYSTEM DESCRIPTION

Consider the continuous-time SISO system described by
BO o ) e o m

0= 2o T et tau
where u(t) and y(¢), ¢ € [0, T] are the input and the output, re-
spectively, af € R(i = 1,...,n)and 5 € R(i = 0,1,...,m)
are coefficient parameters, while p is the differential operator,
i.e., pu(t) = du(t)/dt. We assume the following.

* Many experiments on the system can be repeated and the
system can be set any time at rest, that is, it can be operated
with zero initial state.

* Though the true parameters o and 3 are unknown, A°(p)

and B°(p) are coprime and their order n and m are known.
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Fig. 1. Data generation scheme at kth trial.

* We can measure (), the output contaminated with noise
y(t) = y(t) + w(t)

where w(t) is zero-mean measurement noise.
The goal is to determine a model in the class

M:{B(p) :ﬂo+ﬂ1p+-~-+ﬂmpm}
Alp)  14awp+--anp”

based on I/O measurements «(t) and §(t).

III. IDENTIFICATION PROCEDURE

A. Data Generation Scheme and Parameter Updating Law

Choose a smooth signal r(¢),¢ € [0,T], such that r(0) =
0, £r(0)=0,... ot r(0) = 0. At the kth trial, perform the

s dgntm
following experiment Which produces the signal £ () when the

parameter estimates ozl ak [30 . ﬂfn from the previous
trial are given (see Fig. 1)
1) Define
A¥(p) =1+ afp+---+app"
B"(p) = B + Bip + -~ + Bpp™
2) Compute u*(t) = A¥(p)r(t).

3) Inject u*(#) into the system, and collect §*(#).

4) Compute B*(p)r(t).

5) Compute the mismatch signal € (¢) by *(t) = §*(t) —
B*(p)r(t).

Note that e¥(t) = w*(t) if A°(p) = A(p) and B°(p) =
B(p), that is the effect of 7(¢) on £¥(¢) disappears. Moreover,
¥ (t) is obtained without taking any derivative of noisy mea-
surements, only derivatives of r(t) are required. Note also that
¥ (t) can also be written as

" (t) = g (t (—)Bk(p)r(t)
([ B°(p) & , W — B*(p)r
— < _ (p)A (p)r(t) + (t)> B¥(p)r(t)
_ B°(p)Ak(p) — Bk(p)AO(P)r w"
- ) (t) + w(t).

Now, we introduce n + m + 1 square-integrable functions
fit), ..oy fagme1(t),t € [0,T], which satisfy the following
condition.

Condition 1: If

T Bo(p)A(p) — B(p)Ao(p) " -
/o < A°(p) T(t)> fi(t)dt =0
i=1,...,n+m+1 W

are satisfied, then B°(p)A(p) — B(p)A°(p) = 0 holds. *
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In words, Condition 1 requires that if the projection
of B@AW=BWA™®),.4) onto f;(t) is zero for all
i’s, then B°(p)A(i)—B(p)A°(p)

Bo(p)A(Q:f(p)Ao(p)r(t) linearly depends on n + m + 1
parameters, determining f;(¢)’s such that this condition is
satisfied is not difficult.

Remark 1: One sensible choice for r(t) and for func-
tions f;(¢) corresponds to select a “well-exciting” signal

g(t) and o let r(t) = A(p)g(t), fi(t) = g(1), folt) =
dtg(t) """ fn-l—m-l—l(t) = (?tn+m g(t), where A(p) is
some estimate (either a priori or obtained during the iden-
tification process) of A°(p). If we assume for simplicity
that A(p) = A°(p), then e*(t) = (B°(p)A*(p) —
B¥(p)A°(p))g(t) + wk(t). The “useful” part of £*(t), i..,
(B°(p)AF(p) — B¥(p)A°(p))g(t),is signal g(t) filtered through
a polynomial in p of order n + m, so that all useful information
lies in the subspace generated by g(t), $g(t), ..., fttrn g(t),
namely by fi(t), f2(t), ..., fatms1(t), and projecting £¥(t)
onto this subspace preserves the information while filtering out
noise. Another choice is to take r(¢) to be a multi-sinusoidal
signal with n + m + 1 components and let each f;(¢) be one of
the sinusoids. *

Note also that B°(p)A(p) — B(p)A°(p) = 0O implies that
B(p) = B°(p) and A(p) = A°(p) since A°(p) and B°(p) are
coprime.

We next regard €*(t) and fi(t), f2(t),..., fatme1(t) as
elements of Ly[0,7T], the space of square-integrable func-
t10ns deﬁned over [0, 7] with inner product (£(t),n(t)) =
fo t)dt, and project €*(¢) onto the finite-dimensional
subspace descrlbed by

F £ span{fi(t), f2(t), ...
The projection is written as
e WlF =0T A1) + -+ iyt farmia(t) Q)

. A .. .
and 8" £ [8%,... 6k, . 1]7 isits vector representation.
We are now in a position to describe how parameters

r(t) must be zero. Since

s frma1(t)}

ak ..ok Bk ... Bk are updated. Let for brevity
T
v =lag,-- a0, 80,5 60]
, . T
~yr = [alf./...,af“ﬂg,...,,[i’;]

Then the iterative identification procedure is described as fol-
lows (where €y > 0 is chosen by the designer).
Step 0) Fix an initial estimate 7, set k = 0.
Step 1) Generate 8" from 4% according to the scheme
shown in Fig. 1.
Step 2) Update v* with the following rule:
AEHL ok prEgh 3)
where H* is a learning gain. If ||y**1 —¥|| < ¢, stop the
iterations. Otherwise, set k = k£ + 1 and go back to Step 1.
The choice of H* will be discussed in the next subsection.

B. Optimal Selection of H*

First, we rewrite 6" in a more convenient form.
Let for the time being w* () = 0 [w*(¢) will be reintroduced
later]. A simple inspection reveals that step 1 in the identifica-
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tion procedure defines an affine operator from R*+™+1 (space
for %) to R"*+™+1 (space for 8*), that is

& = M~*+ 6 4

where M is an (n+m+1) X (n+m+ 1) matrix (depending on
the true system) and 6 is the offset term. Note that from Condi-
tion 1 it follows that §* = 0 implies v* = 4°. This also means
that the equation

0=M~y"+6

has the only solution 9% = ~°, so that M is nonsingular and
6 = —M~°. Thus, (4) can be rewritten as

8¢ = M(y" —°)

with M nonsingular.
When noise w*(t) is taken into account, 6* becomes

8" = M(v* —7°) +v* ©)
where v* accounts for the projection of w*(t) onto F.
Inserting (5) in (3) yields

,yk—l—l :’Yk +HkM(’Yk _’YO) +Hk1/k.
Thus, defining 7" £ 4% — 4°, we have

which is the equation that describes how the error 4* propagates
through trials.

Now, define

N £ Ept@MT, PP BRG]

(we assume for simplicity that N is constant through trials).

We next discuss how to select H* so as to reduce P* opti-
mally under the assumption that M and N are known. The ob-
tained results will drive us later in the selection of H* when this
assumption will be relaxed. The computation to come are in line
with Kalman filtering variance minimization. Noise is assumed
to be independent in different experiments.

From (6), we have

P* = E[{(T + H’“M)”’“ + H*WMY
x {(I+ H*M)¥* + H"*v*}7]
= (I + H*M)P*(I + H*M)T + H*N(H")T. (7)

Therefore, P**1! is minimized by the choice
HY = —P*MT(MP*MT + N)~1. ®)
With this choice, we obtain
P = pk_ pEMT(MP*MT + N)"'MP*. (9)

Equations (8) and (9), where (9) is initialized with P° =
E[¥°(3°)T], give the way to select H*.

1663

The following theorem proves that the proposed method gives
us the true parameter «y° in the presence of measurement noise
through iteration of trials.

Theorem 1: With the updating law (3) where HF is given by
(8) and (9), and (9) is initialized with P° = E[¥"(4”)T], it holds
that

P* = E[(+* = 7°)(7" =°)"] = 0, as k — oo.

Proof: In (7), take H* = —pM~" with 0 < p < 1 [in-
stead of (8)] and denote by P/f the solution of (7) obtained with

initialization P° = E[7°(3°)7]. We have
k+1 _ 2 pk —1 —IN\T 2
Py =1=p)"P;+M "N(M ")"p
from which
k 2k p0 1 T 2
PF<(1-p)*P'+ MTIN(M Z (1—p

p)ZkPO + M71N(M71)T2 f ,

=(1

holds and the first term vanishes as k grows.
Now, we claim that P¥ < Pf holds for any k. By induction
PY = P,?. Assume P* < P,f, then we obtain

P*Y = (I + H*M)P*(1 + H*M)T
< [since H"in (8) is optimal]
< (I—pM *M)P*(I - pM—tM)T

+pM T Np(M~HT

+ H*N(H"T

=L -p)’P*+ MTIN(MHTp?
2 pk —1 —I\T 2

S(=p)" P+ M " NM™)"p

_ pk+1

= Pp

so closing the induction. Consequently, we have

M—lN(M—l)TL

lim P* < hm Pk .
2—p

k—o00

The right-hand side can be made arbitrarily small by selecting p
close to zero while the left-hand-side does not depend on p, so
proving that the left-hand side is actually zero. *

It is easy to see that the convergence result that E[(y* —
1) (v* = 4°)T] — 0 is preserved if E[¥°(4%)T] is not known
and (9) is instead initialized with a conventional P° > 0.

The gain determined by (8) and (9) is optimal and should
therefore be implemented as such when M and N are known
or when a good estimate of M and N is available. Such a gain
performs an optimal compromise between exploitation of in-
formation and rejection of noise. In the case when N = 0 (no
noise), we have

H = -P'M"(MP°MT +0)~' = -Mm~!

so that
=(T+HMA +HWY =0+0=0

and the error goes to zero in one step.
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IV. SIMPLIFIED LEARNING GAIN

Simpler updating rules for H* than that given by (8) and (9)
can be designed that still guarantee the error convergence to
zero. One such rule is given by

Hk:_ 1 M—l
E+1

(10)
A. Convergence Analysis

Theorem 2: If the updating law (3) is adopted where H” is
given by (10), then

E[(* =) =7°)T] =0, ask— .

Proof: Since

,7k'+l (I_,’_HkM);?k_i_Hk k
I- —M M
kE+1

k- ok L ~1k
L S Y/
i1 v

holds, we have

B (3T
k? ks~
= WE[’Yk(’Y
1

giCEsi

/i:2
(k+ g ﬁM IN(HT

k)T] + M—lN(M—l)T

(k+1)2
M*N(MHT

+
+
k2 (k—l)2
+ 2
(k+1)2 k
R SR S
(k+1)2 (k+1)2

~
times

1 _
ﬁM 1N(M l)T

M—lN(M—l)T

(k+1)

——M IN(MHT.
E+1 (M~)

1D

The above term vanishes as k& — oo, which proves the
theorem. *

Remark 2: One important merit of (10) is stated as follows.
From (11), it is obvious that if N = 0 (no noise), we get
E['(3")T] = 0, i.e., the error goes to zero in one step like
for the optimal choice (8) and (9). The reason why this happens
isthat H = —M~'sothaty' = (I-M*M)y° -~ M~ =
— M0 and the initial error is killed in 1 step. In general,
though not null, we expect that N is small since »* just rep-
resents the noise component in the (n + m + 1)-dimensional
subspace F. *
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B. Robustness Analysis

Suppose now we only have an estimate M of M, so that we
implement

HY=——M 12)

in place of (10). We next want to investigate conditions under
which E[(4* — 4°)(v* — 4°)T] — 0 still holds by using (12).

Theorem 3: 1f zM~*Mz > 0 holds for V& # 0, then
E[(7* —°)(4* — v°)T] — 0 with the choice in (12).

Remark 3: MMz > 0 i s a sign condition and in the
scalar case it reduces to say that M has the same sign as M. This
appears to be a minimal requirement since, if no sign knowledge
is available, information §* cannot be used to improve the esti-
mate. We thus see that (12) provides an updating gain leading
to asymptotic consistency under mild assumptions. *

Proof: Consider function z7 M ~1 Mz restricted to the unit
sphere, that is, for = such that ||z|| = 1. Since the unit sphere is
compact and function 7 M ~' Mz is continuous, the inf of this
function over the unit sphere coincides with its min, which, in
turn, has to be positive by the assumption that sTM~*Maz >
0,Vz # 0. Thus, there exists a . > 0 (which we also take to be
less than 1 for convenience) such that

eTM "Mz > p, Vol =1.
Hence, for any z with ||z|| = 1, we obtain
(1 + H*M)a|?

) |
(I - k—HMT(M )T>

JELE Y
X< Et1 )‘”

1 2 .

-1 M Mz||? TN M

T T 1)2” = .
||M_1M||2

<=2y 1

= k+1) " (k+1)2

< [for any k large enough, say k > k]
L

<1- -
kE+1

which implies

1

T+ HMPP<1-
I+ H*MIP <1 - i

VE > k. (13)

Consider now (6) and solve it from time k = k onward to obtain

k—1 k—1 k-1
=[[u+H MF+> ] G+HM)-HV (14)
i=k r=kj=r+1
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[byconvention,weletH;:;(I—i—HjM):1]. glogl—k 1_”_1_ 1__“_}_..._}__1_“
Using (13) and (14), || E[¥"*(%)7]|| can be bounded as follows: k k-1 k= 2v rtl
<(1—p) frkfl Ldo=(1—p) log £-L=log “:f%
EeacoRll -
= [use(14)] < log (E . 7>
k—1 o
= (I+H’M)-EF"(3")7] (16) is obtained by dropping the logarithm sign in this latter
i expression.
b1 el k1 Go now back to (15) and first consider expressmnH ( —
I+HM"+> ] t+H M) -47) that multiplies || E[Y* (¥ )T]|| We have
j=k r=kj=r+1 k—1 1
k=1 ' H (1 - —1> <1 1) ZIZ- (17)
_HTN(HT)T . H (I + H]M)T i 7+ J +
j=r+1 < [use (16)]
1 IV BAF (AT L oDy (18)
< T+ ol - B S T
j=k
kel k—1 and the last expressil?nlgoes t? Oas k — oo.
+ Z H I+ H M| ||H"||?||N|| Next, consider ZT;} jerpa (1= ]%) . (7‘+11)2 , the expres-
r=k j=r+1 sion that multiplies || M ~1{|?||N|| in (15)
< [use (13)] k=1 k-1 u 1
k—1
Y e > I (1-75)
< ! (1 - J_|_—1> ||E[’Yk(’1k)T]|| r=kJj=r+1 g+l (r+1)
Jj=k k—1 k—1 I 1 1
k—1 k-1 = 1— . .
u > 11 (1-75)
+ _H <1—m> o St g1/, r+l or+d
r=kj=r+l < [use (16)]
1 - -
- M2V (15) 2 k-1t 1
(r+1) < . )
— k rl-p r+1
To complete the proof, we shall show that the latter expres- - i -
sion tends to 0 as k — oo. To this end, we need the following Z
inequality: ol 2w
k—
k—1 p 1 1 (b= 1)t < (k— 1)~ 1 i
II (1-— < - (16 =k Jpoy are
sma N ARL LT R (k—1r 1
= : (k=)' = (k=1
which we establish first. Expand the left-hand side of (16) as k p—1
b1 Again, this expression goes to 0 as k — oo, so that both terms
H ( o ) . 1 in the right-hand side of (15) tend to zero and this completes the
et j+1) r+1 proof. *
_kop kmlop k=2op r42-p V. DIGITAL IMPLEMENTATION
1 k k=l k-2 " +12_ r+l In this section, we discuss how to approximately implement
=z < + k—ﬂ> < + k—ﬂ> x <1 + H) the iterative identification method when the I/O are measured at
1 —2 r+1 sampling times only. Precisely, we suppose that the I/O data are
and take logarithm {u(iTs),y(iTs)}(@i = 0,1,...,q), where T is sampling time
satisfying ¢7s = T'.
k—1
log H (1 K ) . 1 A. Basis Functions and Reference Signal
Plastri J+1) r+l Given functions fi(t), f2(t), ..., fopm1(t), define Vi €
1 1 R(g+Dx(nt+m+1) by
:10g—+10g<1+—u>+ =
1—p A [T fo(Ts) oo farmaa(Ty)
log| 14+ —— A
o (1+757) N L
< [Since log(l + .CB) < JZ’] fl(qj;) f?(qu) T fn+m+1(qu)
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Functions f;(¢)’s should be chosen such that the columns of Vyy
are linearly independent. Note also that this is true if Condition
1 is satisfied and the sampling time is fast enough.

Let the QR decomposition of Vs be

Vdf = QR QTQ = In+m+1

where Q = [f1, far -y Frpmyr] € RUFDX(4m+D) and R ¢

R(rtmt1)x(ntm+1) is 4 nonsingular upper triangular matrix.
These f;’s constitute an orthogonal basis for projection in the

digital implementation.
Next, we choose r(t) and define V,(t), a*, and B* by

dr(t) dmax{nmby. ()
V.(t) = t), ——,...,
( ) T( ) dt dgmax{n,m}
ak é [17 a§7 7@,{2 ’
. 1T

Then, u*(t) = A*(p)r(t) and B*(p)r(t) are written as

V()1 :n+ 1]a”
Vo(t)[1 - m +1]8*

oy
Ead
—
=
=
3
—
~
~—
Il

where V,.(£)[1 : 7] is the matrix which consists of the first
columns of V,.(t). Since the data are available only at sampling
times, we also define

’ll,k

~k
)

Juk(qT,)])T e RIT!
5" (q13)])" € RIH

[u*(0), u*(T,), . ..
[77(0), 5% (T%), . ..

> 1>

<

y* € RIt! gF € Rt and w* € RI*! are defined similarly.
Also, we let Vi, be

max{n,m}
Gt (0)
qmax{n,m} .

gt (1s)

r(0)  F0)

(1)

gmaxin,m},.

r(qly) S (qTy) e (a15)

Then, we have

ub =V, [1:n+ 1]a”.

B. Computation of 8"

Since f; (i = 1,2,...,n + m + 1) is an orthogonal
set of vectors with unitary norm, the projection of €* onto

Spa’n{fl"/.f27 .. 7.fn+m+l} is [f17f27 .. 7.fn+m+l]QT6k =
Vi R71QT ek, where R~1QTe" is an approximate expression
for 8" in (2). This suggests using

R_lQTEk

in place of 8" in 3).
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C. Estimation of M and Overall Implementation

Note that, if sampling time 7T is fast enough so that u(t)
does not change significantly between samples, we can approx-
imately write

y* ~ Gu” (19)
where G' € R(a+1)x(a+1) i5 3 system-dependent Toeplitz matrix
of the form

g 0 0 0
g1 9o 0 0
G=192 o 9o 0
99 Yq-1 Yq-2 --- 9o

Thus, the mismatch signal €* can also be expressed as

e~ QV[1in+ 1ok — Vg [1:m+1]8" +wk.  (20)

Substituting this expression for £* in 8" ~ R1QTeX yields
8 ~ R71QTGVy[1: n+1]a* — R71QTVy[1: m + 18" +
R='QTw". Comparing with (4), we then obtain

M~R'QTGVy[2:n+ 1], - Vi [l :m+1]] (1)
6~ R7'QTGV,,[1]. (22)

Also, recall that § = —M~°, from which
7 =—-M"16. (23)

The equations we have derived suggest the following practical
implementation of the identification algorithm. Data are first
used to obtain a rough estimate of the g;’s, that is, the Markov
coefficients of system (19), and, through this, a ropgh estimate
G of G is obtained. Then, estimates M of M and & of § are de-
rived from (21) and (22) by substituting G with G. M is used
in the gain of the ILC procedure. Moreover, a rough initial esti-
mate 70 = —M ~1§ for 4° is obtained [see (23)]. With M and
7 in our hands, the iterative ILC procedure is then used to re-
fine the estimate *.

Remark 4: Alternative indirect methods can be used in the
identification of continuous-time systems where one first con-
verts the model into a discrete-time version of it, then performs
identification with a standard discrete-time algorithm, and fi-
nally converts the system back to continuous-time.

The chief recognized drawback of this indirect approach is
that the final result becomes more and more sensitive to noise
as sampling is made faster; see, e.g., [12] for a thorough dis-
cussion on the dependability of indirect methods. Similarly, di-
rect methods where time derivatives of I/O data are used suffer
from the same drawback. The ILC approach presented herein
overcomes this drawback because no derivatives of measured
signals are considered. The fact that this drawback is overcome
can also be directly argued from an inspection of (20): this equa-
tion shows that noise enters the computation of e*—which is
the driving term in the updating equation for parameter estima-
tion—in a way that is unaffected by the sampling time 7.
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Output

Time [s]

Fig. 2. Output with noise for impulse-like input.

As an additional remark, we note that indirect methods re-
quire regular sampling whereas the digital implementation of
the ILC approach discussed in this section can be easily gener-
alized to the case of unequally spaced sampling. *

VI. NUMERICAL EXAMPLE

The effectiveness of the proposed method will be evaluated
through simulation in this section.

Consider a linear, fourth-order, nonminimum phase system
with complex poles described by the transfer function (this is
the Rao—Garnier test system [12])

—Tis+1
(jf +@+1) (jf +2<—‘25+1)

Wn, 1 n.2 Wn 2

P(s) =

where 11 = 4 [s], wp,1 = 20 [rad/s], (1 = 0.1, wy, 2 = 2 [rad/s],
and (5 = 0.25. The time span for each trial is 7" = 10 [s], and
the sampling time is s = 10 [ms]. Namely, the number of data
used for one trial is 1001.

With the goal of estimating the g;’s, an impulse-like input was
injected in the system. Precisely, we let u(¢) = 1 in the interval
0-10 [ms], and then the input was set to zero. Fig. 2 shows the
measured output [noise-to-signal ratio (NSR) was 100%, where
NSR is defined as NSR. 2 |[w||/||y||]. We took §; = 7(iT:)(i =

the previous section.
We next proceeded to iterative identification. r(¢) was ob-
tained as the output of the system

106
F(s) = ———
() = G505
when the input is chosen as the following sum of five sinusoidal
signals:

sin(t) + sin(1.9¢) + sin(2.1¢) + sin(18t) + sin(22t) (24)
and the system F(s) has zero initial conditions, so
that signal 7(t) has zero initial derivatives. We also let
.fl (t) = T(t)'/ f2 (t) = dT(t)/dt/ RS fn+m+1(t) =
dntmHly(t)/d¢n+t™+L, The measurement noise was white
with zero mean and variance o2. The variance o2 was
chosen so that the NSR was 100%, where NSR is defined as
NSR 2 [Jw]/[|y*|I-

We used the update law (3) where H ks given by (8) and (9)
with M estimated as indicated before and where 101 was used

1667

Output

Time [s]
Fig. 3. Measured output §(¢) and B*(p)r(¢) at 30th trial (NSR: 100%).
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Fig. 4. Bode plots of the estimated system (k = 3).

for N, which is a very coarse estimate of the true N which was
about ten times larger. Fig. 3 shows the output §*(¢) obtained at
the 30th trial. The same figure also displays the signal B* (p)r(t)
(thick line). As it can be seen, y* () tracks B*(p)r(t) very well
despite the heavy measurement noise, which indicates that the
plant model is identified accurately. In fact, an accurate descrip-
tion of the plant is obtained after few iterations. To confirm this,
Bode plots of the estimated system at the 3rd trial are shown in
Fig. 4 for 50 runs of the algorithm (bundle of thin lines) against
the Bode plot of the true system. For comparison, the results
achieved with the SRIVC method in the CONTSID tool-box are
shown in Fig. 5 when the input is (24), T = 100 [s] and 75 is
as before.

Fig. 6 shows an example of the estimated coefficients through
trials. From this figure, we see that the initial estimation is im-
proved quickly. The Euclidean norm of the parameter estima-
tion error is shown in Fig. 7.

VII. CONCLUSION

In this paper, a novel approach has been introduced for the
identification of linear continuous-time systems based on the
iterative learning control concept. The method achieves iden-
tification through repetition of trials in the presence of heavy
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Gain [dB]

-180 r 1
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Fig. 5. Bode plots of the system estimated with SRIVC.

Coefficients

0 10 20 30
Iteration number

Fig. 6. Identified coefficients ¥* in each trial (True value: cv; = 0.26, vy =
0.255, a3 = 0.003125, a4 = 0.000625,5, = 1,3, = —4).

Euclidean norm

0 10 20 30

Iteration number

Fig. 7. Euclidean norm of the parameter estimation error ||y* — 4°||.

measurement noise. The proposed method has several advan-
tages among which that no time-derivatives of I/O data is re-
quired and no data preprocessing (e.g., decimation or filtering)
is necessary. The effectiveness of the proposed method has been
demonstrated through numerical examples for a nonminimum
phase plant.
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