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Abstract

We introduce a new methodology for the design of cautious adaptive controllers based on the following two-step
procedure: (i) a probability measure describing the likelihood of different models is updated on-line based on observations,
and (ii) a controller with certain robust control specifications is tuned to the updated probability by means of randomized
algorithms. The robust control specifications are assigned as average specifications with respect to the estimated probability
measure, and randomized algorithms are used to make the controller tuning computationally tractable.

This paper provides a general overview of the proposed new methodology. Still, many issues remain open and represent
interesting topics for future research.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction
1.1. The optimal control problem

Consider a standard optimal control problem setting, where a plant described by a transfer function G°(z~!)
has to be regulated by a controller to be chosen in a feasible controller set {K(y,z~'),7€I'}. For a generic
system G(z~!), the control performance achieved by applying controller K(y,z7") to G(z~!) is measured by
a (positive) cost criterion J(G(z~'),K(y,z~")) (this can be e.g. an H, or an H,, cost). The control objective
is to determine the control parameter y that minimizes J(G°(z~'),K(y,z71)).

1.2. The cautious adaptive control problem

Throughout the paper we assume that G°(z~') is not known. Then, according to the indirect approach to
adaptive control, the controller is selected based on some model of G°(z~"). Typically, a parameterized family
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of models {G(9,z7'),9 €O} is considered, and the parameter 1 is estimated on-line based on
observations.

In this paper, we do not only update the parameter estimate, but also compute on-line a probability distri-
bution £, describing the likelihood of the different 1J’s at time ¢. The probability 2, is used in the definition
of the robust control cost

a(y) = Ez[J(7)] (1)

(here, J(-,7) := J(G(-,z"),K(7,z~")) for ease of notation). Function c,(y) is the average performance of
controller K(y,z~!) for a set of plants distributed according to #;. Minimizing c,(y) corresponds to optimizing
the average control system behavior where different models are given different weights according to their
likelihood at time ¢. When distribution 2, is spread over the set @, the corresponding optimal controller is
expected to exhibit robust characteristics and, hence, it will be conservative. As time goes by, more information
is accumulated. Then, distribution £, becomes more sharply peaked and the minimization of function ¢,(7)
leads to controllers better tailored to the true plant. This will ultimately result in an improvement of the
control performance.

The idea of minimizing average costs such as (1) is not new and, in fact, it has been previously introduced
under the name of cautious control, see e.g. [2,12]. On the other hand, average costs have been used only in
very specific and simple cases. The reason for this has to be found in mere computational issues. Specifically,
a main obstacle in the use of (1) is that integrating the cost criterion J(-,7) over @ with respect to measure
2, is a very difficult computational task.

1.3. Randomized algorithms

Our main thrust in this paper is to propose the use of randomized algorithms to overcome the computational
difficulties involved in the implementation of the average cost approach. The use of randomized algorithms for
the controller selection in a non-adaptive context has been proposed in [31]. Roughly, the idea is to substitute
the expectation in the average cost with a finite sum, that is ¢,(y) in (1) is substituted by a sampling version
(see Section 3 for details). On the one hand, this makes the problem computationally tractable. On the other
hand, one can resort to very powerful results from the statistical learning literature (and, more precisely, from
the theory of uniform convergence of empirical means, [11,26-30]) to quantify the level of approximation
introduced by substituting the expectation with a finite sum.

In the context of adaptive control, we design algorithms with two main features: (i) the controller at time #
is selected via randomized methods and, therefore, exhibits robustness characteristics, and (ii) the probability
distribution £, is updated through time starting from an initial probability distribution £, thus enabling the
controller to tune to the real plant.

Point (ii) is a key distinguishing feature with respect to [31] and has important implications: (a) it allows the
controller to tune to the plant characteristics; and (b) it makes the choice of the initial probability distribution
2 much less critical than in the robust control setting of [31], where £ is fixed and a shrewd selection of it
is fundamental.

The paper is organized as follows. In Section 2, some notions of robust and tuning controllers are introduced.
A general algorithm for the controller selection via randomized methods is discussed in Section 3. Some
implementation aspects are left open in the presentation of the algorithm, namely: (a) the updating of #;;
(b) the computation of the so-called Pollard-dimension. These aspects are the subjects of Sections 4 and 5,
respectively. Section 6 presents the tuning properties of the proposed algorithm. In Section 7, we consider
LQG control as an application example. Finally, the issue of minimizing the sampling version of ¢,(-) is
discussed in Section 8.
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2. Robustness and tuning notions

Let 2, be the probability distribution on @ describing the parameter likelihood at time ¢. According to the
cautious control philosophy, at time ¢ the control objective is to minimize the cost function E», [J(:,7)]. Given
that an exact minimization of this cost function is computationally excessive, we introduce general notions of
an approximate minimizer of Eyp [J(-,7)].

Definition 1. Given ¢ > 0, y, is an approximate minimizer of Ex [J(:,7)] to accuracy & if Eyp [J(-,7,)] <
il’lfye]“ Eﬁ, [J(’ A)))] +e.

Suppose now that 7y, is selected according to a randomized procedure so that it is stochastic. Then, we have
the following definition:

Definition 2. Given ¢ > 0 and 6 > 0, a random 7, is an approximate minimizer of Ex,[J(-,7)] to accuracy &
with confidence 1 — ¢ if E» [J(-,7,)] < inf,er E» [J(-,7)] + &, with probability not less than 1 — .

Here the specification “with probability not less than 1 — §” makes reference to the probability involved in
the stochastic procedure for selecting ;.

Definitions 1 and 2 are of robustness type. Basically, they require that the controller associated with y,
performs well in average over the uncertainty model set at a given time ¢.

In adaptive control applications, Z; is updated on-line. Therefore, in the instances in which the model class
is rich enough to contain the true transfer function G°(z~!), one can expect that, under suitable excitation
conditions, #2; converges (in some sense) to the true parameter ¥° € @ and the adaptive controller self-tunes
to the optimal controller. This idea is formalized in the following definition.

Definition 3. K(7,,z7") self-tunes if lim,_,oc J(9°,7,) = inf,cr J(U°,7), with probability 1.

3. A randomized algorithm for cautious adaptive control

In this section, we introduce a general algorithm for the implementation of the cautious adaptive control
approach described in Section 1.

To start with, we focus attention on the problem of computing an estimate of E» [J(-,7)]. Later below, we
shall integrate such an estimate in the general algorithm.

3.1. A sampling estimate of E»,[J(-,7)]

Our discussion here is strictly related to the approach of [31]. Suppose that at time ¢ distribution £, has been
computed (the actual computation of Z; is discussed in Section 4). By definition (1), ¢;(y) is the integral of
function J(-,y) over the parameter space & with respect to probability measure Z;. Since an exact evaluation
of this integral is difficult, we introduce a sampling version of it based on random extractions.

Denote by 0 := (¥1,7,,...,Uy) a sequence of M system parameters independently extracted from ©
according to #;. Then, a sampling version of E» [J(-,7)] is given by

. 1 &
EpulJ G0 = 12 Y J(0). )
i=1

In principle, the original problem of minimizing the expected value Ex[J(-,7)] can be replaced by the
problem of minimizing the easy-to-compute approximant E», y[J(-,7)]. However, for guaranteeing that this
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minimization leads to an approximate minimizer of E» [J(-,7)], E% M[J(s7)] must be an wuniformly good
approximation to E» [J(-,7)] over the set I', namely

. I
7€
for some ¢ > 0 (¢ is the so-called accuracy parameter). Indeed, letting

y = argmin £, [J (7)), 77 = argmin Ep [J(-,7)] @
yer el

we have that
R e .\ e
Ep[J (01 < EplI Gl + 5 < EplI Gl + 5

&
2
which proves that y; is an approximate minimizer of E [J(-,7)] according to Definition 1. Observe that Eq.
(4) implicitly assumes that £, 4/[J(-,7)] and Ez [J(-,7)] have a minimum over I'. Should this not be the
case, nearly minimal points can be used instead.

Note that the sampling estimate (2) is based on a random selection of parameters ¥; € @ and, as such, it
is a random variable over the space @ := @ x @ x --- x @, M times. Even for one fixed parameter 7, it
may happen that the randomly extracted multisample 0 € @Y provides a bad approximation of E,[J(-,7)],
ie., |E%,M[J(~,~7)] —E»,[J(-,7)]| is large. This may happen a fortiori if we evaluate the supremum over I' of
this quantity. Thus, in general, the best that one can hope for is that Eq. (3) holds true with high probability
in the space @M and not for all multisamples 0 = (J1,7,,...,Yy). This is precisely formalized as follows.
Set

& .
< E“/;[J(BV?)] + 5 + 5= lnfE//r[J(,’)))] + &,
yel

q(M.2) = 2} {0: SUpIE 5l ()] = Ex LG )l| > j} . 5)

We say that J(-,-) has the uniform convergence of empirical means (UCEM) property if g(M,e) — 0, as
M — oo, Ve > 0. This is a fundamental property since it implies that we can select M so that Eq. (3) holds
with probability arbitrarily close to 1.

In the last two decades, the UCEM property for general classes of functions has been largely studied in
the statistical learning literature and general conditions for this property to hold are now available (see e.g.
[15,16,26,27,30]). For our purposes the main result is that the UCEM property of J(:,-) holds if the function
J(-,-) takes values in [0, 1] (which can be guaranteed by rescaling any J' to J = J//(1 + pJ’) with > 0)
and the class J(-,y) of functions from © to [0, 1] parameterized by y € I' has finite Pollard(P)-dimension (cf.
[30, p. 74]). Moreover, letting d be the P-dimension, ¢(M, ¢) defined in (5) is upper bounded as follows [30,
Theorem 7.1]:

d
32 32
€ e) oM /128

q(M,e) < 8 ( In — (6)
& &

By choosing M such that the right-hand side in (6) is smaller than or equal to J, we are sure that £ 2 mJ(C )]
is an uniformly good approximant of E» [J(-,7)] to accuracy &/2 with confidence 1 — d. Thus, in view of the
discussion after Eq. (3), minimizing £ 2, m[J(-,y)] leads to an approximate minimizer of Ey» [J(:,7)] according
to Definition 2 in Section 2.

3.2. The general algorithm for cautious control

Based on the previous discussion, we are now in a position to state the following adaptive control algorithm.
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Algorithm 1. Let d be the P-dimension of {J(-,y),y€I'}. Given ¢ >0 and 0 > 0, at any instant ¢ do the
following:

1. compute the probability distribution Z;;

2. extract at random Mg, &) > 128/¢*[In8/5 + dIn32e/e + dInln32e/c] independent model parameters
91,Y2,...,Uum(,0s) according to probability #; (the bound on M(e, ) follows straightforwardly from (6)
with g(M,¢) = 9);

3. compute E,1[J (5 )] = (1/M(5,6) S J(97);

4. choose y, = arg minyerE%M[J(-,y)];

5. apply the controller K(y,,z~").

As a consequence of how 7, is chosen in point 2, Algorithm 1 has robustness properties. Moreover, as time
goes by, uncertainty on the true system description is reduced by the observations and the adaptive controller
better tunes to the true plant characteristics. Under suitable conditions, this eventually leads to a self-tuning
controller (see Section 6).

Two issues need to be addressed for the actual implementation of Algorithm 1, namely:

(a) the updating of Z;;
(b) the computation of the Pollard-dimension of {J(-,7),y € I'}.

Such issues are dealt with in the next two sections.

4. Updating 2,

As it is expected, no general recipe for computing the probability distribution 2, can be given. In this
section, we discuss two different situations.

Situation 1. When the system has a very specific structure, #, can be computed at a reasonable computational
cost as the a posteriori probability of the system parameter given observations.
A standard case is when the system is described by equation

A (0°,27 Yy = B,z g + nia, (7)

sUnos

and {n,} is a white process with Gaussian %(0, 6?) distribution. As is well known, in this case, if ¥° is assumed
to be Gaussian, computing %, is a finite dimensional estimation problem that is solved by the Kalman filter
[9,17].

where Z(9°,z")=1-Y""_, a?z~ and B(0°,z"")=3"", b2z=0=D, 9°=[a3,...,aS, BS,..., 53] € @=Rmm,

Situation 2. Unfortunately, in many cases assuming Gaussian distribution can be too restrictive. Then, the
problem of estimating the distribution %, becomes infinite dimensional and one has to compromise precision
in estimation towards computational effort.

Suppose again that the model class is rich enough so as to include an accurate description of the true
system, but drop the Gaussianity assumption. Then, the asymptotic theory of prediction error identifica-
tion methods can be used for computing Z,. In fact, under mild regularity conditions, 2, tends asymp-
totically to be Gaussian with the nominal model as mean and a variance which can be estimated from data
(see [18,19]).
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5. Computing the Pollard-dimension

It is a known fact that the computation of a P-dimension on the basis of its definition is a hard task. On
the other hand, an upper bound for the P-dimension can be determined by appealing to some recent and
very powerful results developed in [15,16]. The results of [15,16] have been applied to cost criteria arising
in connection with stabilization problems and H., control problems in [31].

In Section 7, as an application example, we present a randomized algorithm for cautious LQG adaptive
control. There, among other things, we shall compute the P-dimension for this specific control problem.

6. Self-tuning properties

In this section, we study the tuning properties of Algorithm 1 in the ideal case when the model class is
sufficiently rich to include the system description.

At each time ¢, Algorithm 1 selects controller K(y;,z~"), where 7, minimizes the average of J(¥,7) over the
set of model parameters ¥1,..., Vs, s) extracted from @ according to #,. Suppose that #, becomes sharply
peaked around ° at a sufficiently fast rate so that ¥,...,Uu,s) get arbitrarily close to the true parameter
¥° as t — oo. Then, under appropriate regularity conditions on the control cost J(-,-), K(y,,z~") is expected
to self-tune according to Definition 3 in Section 2.

Here, we determine sufficient conditions for the self-tuning result to be valid in Situation 1 of Section 4, that
is in the case when the true system is described by (7) where {n,} is a white Gaussian noise with zero mean
and variance ¢?. From Section 4 we know that the a posteriori distribution 2, is Gaussian, say g(l@,, V).
Also, in [5] it is shown that, for all ¥° apart from a set ./~ with zero Lebesgue measure, 1§t — 9° with
probability 1, provided that ¥, — 0 with probability 1. Yet, in order to prove tuning properties, some extra
care to convergence rate issues must be paid in the present context that do not enter the game in adaptive
control schemes based on the certainty equivalence principle.

We start by proving a proposition which states that the random extractions ©J; stay close to 9° for ¢ large
when V; — 0 at a certain rate. Throughout we assume that ¥° & A"

Proposition 1. Suppose that ||[V,|| = O(1/t*) with probability 1 for some p>0. Fix p > 0. Then, with
probability 1, there exists t such that, for any t > t, the M (e, ) model parameters V1,..., Vs extracted
at step 2 of Algorithm 1 according to distribution P, ~ (ﬁ(ﬁt, V,) belong to the (n + m)-ball B(¥°,p) of
center 9° and radius p.

Proof. We start by observing that assumption ||V;|| = O(1/*) with probability 1 entails that function ##||V;||
is pathwise bounded with probability 1. Thus, for any fixed v > 0, one can determine a positive constant k
such that

Pr{supt"||V,|| >k} <. (8)
t
On the other hand, condition 9, — 9¥° with probability 1 implies the existence of an instant point ¢; such that
Pr {sup|1§t —9°| > p/Z} <. 9)
=4
We shall now compute the probability of the event in which at least one of the parameters ¥1,7>,..., V., s)

extracted at point 2 of Algorithm 1 at the generic instant 7 > 7, is outside the ball B(9°,p), conditioned to
event 4 := {sup, t*||V;|| <k} N{sup,., [[¥; —I°|| < p/2}. Then, the thesis will be drawn by using this result
in conjunction with estimates (8) and (9).
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Let B, := {01 € B(¥°,p) or ... or Vpyss) & B(Y°,p) at time t}.
Fix a matrix ¥ € RO+m>x01+m) and a vector ¥ € R*™ such that ||9 — 9°|| < p/2. We have

Pr{B,|d, =9,V, =V}
< M(e,0)Pr{; & B(9°,p) at time t|, =0, V, =V}
=M (z,8) Pr{||9; — 9°| > p at time t|J, =0, V, =V}
< M(e,0)Pr{||9; — 0,|| > p/2 at time t|, =, V, = V}. (10)

Probability Pr{||¢; — ;|| > p/2 at time t|J, =¥, V, =V} can be easily estimated by observing that parameter
¥y is extracted at random from a Gaussian probability distribution with mean ¥, and variance V;. Letting o2,
i=1,2,...,n+ m be the eigenvalues of matrix V', we have:

Pr{|[9; — J,|| > p/2 at time t|J, =0, V, =V}

n+m 2
/ H —Z—i dz
Izl > /2 1 (21r)1/2a 20?

n+m 22
< / (— L ) dz
z: Ji€{i=l,.,ntm} s.t. |z;| > p/{2(n+m)'2} n (zn)l/2a 2612

.....

n+m
1 .
< E /| o - }(271)1/2 exp(—w; 222 dw;  (letting w; = z;/(2'26,))
wi| > p/{[8(n+m)]"*a;

n+m 12
2 i
< Z 2/ (n—}—in:/)ch exp(—w?) dw?
i=1 wi > p2/{8(n+m)a}} 2rn)l2p
%4<n+m)1/201 exp -~ (11)
(2m)'2p 8(n+m)a? )"

Plugging (11) into (10), we finally obtain

n+m 1/2 . 2

4(n+m)''“a; 0
Pr{B,|0, =0, V, = } < M(e,0 E — . 12
r{ l“ t— t— (8 )i:1 (zn)l/zp exp( 8(n+m)0'12) ( )

We are now in a position to bound the probability of event B, given 4. Since in set 4 we have ||V;| <
k/t*—and, thereby, all eigenvalues of matrix V; are bounded by k/t"—from (12) we can conclude that
> iy, Pr{B;|4} < co. The thesis can now be easily proven by using this result along with (8) and (9).
Since Y, Pr(B,N4) < 3 2 Pr(B,|4) < t1+3_,, Pr(B;|4) < co, by Borel-Cantelly lemma, [10], we have
(i.o.=infinitely often) Pr(B8; N4 i.0.) = 0. On the other hand, by (8) and (9), Pr(4) > 1 — 2v and so, owing
to the arbitrariness of v, Pr(B, i.0.) = 0. This proves that with probability 1 one can determine a 7 such that
all model parameters 9y,..., 0y ,s) selected at point 2 of Algorithm 1 are in the ball B(¥°,p), Ve > 7. O

In the following theorem we show that if J(-,y) is continuous in ¥J°, uniformly in y, then the controller se-
lected by Algorithm 1 self-tunes when 2, shrinks around ¥° at the rate described in Proposition 1. The uniform



28 M.C. Campi, M. Prandini| Systems & Control Letters 49 (2003) 21-36

continuity property is somehow restrictive and is assumed here for convenience. Other less restrictive—though
more complicated to formulate—regularity conditions could also be given.

Theorem 1. Suppose that J(-,y) is continuous in 9°, uniformly in ye . If ||V,|| = O(1/t*) with probability
1 for some p >0, then the controller computed in Algorithm 1 self-tunes according to Definition 3 in
Section 2.

Proof. Set y° := argmin, . J(J°,7) (we assume for simplicity it exists).
Due to the uniform continuity assumption of J(-,7) in ¥°, for any fixed a > 0, there exists p > 0 such that

J(@0,7) =J(@° ) <o, VIEBW,p), VyeT. (13)

By Proposition 1, we know that with probability 1 we can find a time 7 such that the model parameters
V1,..., Uy s) extracted at point 2 of Algorithm 1 satisfy ©; € B(9°,p), j=1,...,M(e,0), for all ¢ > 7. Then,
the following holds for # > 7. First, Eq. (13) computed in 7 = 7° implies that

J(ﬁj:VO)SJ(ﬁoayo)—’—a’ ]:1,,M(8,5) (]4)

From the definition of y, and Eq. (14), it then follows that there exists at least a j such that J(¥,,7,) <
J(9°,7°) + . Since (13) with y =7, entails that J(9°,y,) <J(¥},7,) + «, we can conclude that J(9°,y,) <
J(W°,9°) + 2a. Thus limsup,_, J(V°,y:) <J(¥°,7°) + 20. Due to the arbitrariness of «, it follows that
limy—, 00 J(9°,9,) =J(9°,7°). O

It is important to note that, in adaptive control applications, there is in general no guarantee that the input
signal is sufficiently exciting in such a way that it probes the system and reduces uncertainty. In particular, in
our context, the cautious control law of Algorithm 1 can fail to ensure the desired convergence rate of || V||
to zero. In [8, Theorem 6.2] this issue is addressed in the context of certainty equivalence control, and it is
shown that, under a certain growth assumption on the input sequence {u,}, the required rate can be obtained
by adding to the control variable #, an asymptotically vanishing dither noise. This approach can be used in
our context as well. Details are omitted and the interested reader is referred to [7,23] for more discussion.

7. Application example: LQG control

Consider the LQG control problem where a system of the form (7) has to be controlled so as to minimize
the cost function

N—oo

N-1
1
J':limsupNZ[yterrutz], r>0. (15)
=0

In the sequel, we shall refer to some basic facts on LQG control that are reviewed in the appendix.

Suppose that the a priori distribution 2 is Gaussian, i.e., 2 ~ %(¥, V). Then, from the discussion in Section
4 we know that the Gaussian distribution 2, can be computed by a Kalman filter initialized with 9 and V.

The feasible controller set is described by equation €(y,z~ " yu;=Z(y,z=")y,, with €(y,z~! ):172:":711 ciz™!
and 2(y,z7 ") = 27:_01 d;z~!, where the parameter y is defined as y := [do,...,dp—1,C1,...,cm—1] and takes
values in I' =R?, with ¢ := n+ m — 1. Note that such a set includes the optimal LQG controller for the true
system.

The LQG performance J'(1J,7) achieved for model (7) with parameter ¥ controlled by the controller with
parameter y is obtained by solving a Lyapunov equation in the case when the closed-loop system is stable.
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In order to apply the cautious control approach, we rescale J'(1,7) as follows

BJ'(9,7)
JWO.Y) = ————F7 0
L+ pJ'(0,7)

where f is a real positive number. When the controller destabilizes the model, we set J equal to its maximal
value (J(¥,7) =1). Thus,

/
M if controller y stabilizes model ¥,
J@,y) =4 1+ pJ'(¥,7) (16)

1 otherwise.

As for the Pollard-dimension of the family of functions J(-,y) parameterized by y € R?, the following result
is proven in the appendix.

Theorem 2.

2log,(16¢) if q=1,

P-dimension({J(-,7),7 € R!}) <
2qlog,(16eq(2g + 1)) otherwise.
We next compare the performance achieved when applying the standard certainty equivalence and the
cautious adaptive controllers in a simple numerical example. This is in order to point out the effectiveness of
the proposed cautious approach and to get insight into such a control strategy.

7.1. A simulation example

Consider the model class
Vert = a1y + b + oy +nepy, V= [ar by by € R, 17)

where {n,} is %(0,1). The true system has parameter ¥°=[0.8 1—0.9]". For the estimation of 2,, we assume
the a priori distribution 2 ~ %(J, V) with 9 =[ — 0.4 1.4 —0.1]" and V = L.

In (16), we take f = 0.25 and the control cost coefficient » is set to 1. Finally, the controller set is
{ut =doy; +ciu—y, y=I[do c1]el = 9{2}

In Fig. 1, the control system behavior is expressed in terms of the “sample LQG performance index”
(1 /t)Z:ZZO1 [y? + u?]. Graph (a) shows that in the certainty equivalence case the input and output variables
assume high values in the transient phase. Such an undesirable phenomenon is due to the fact that the certainty
equivalent controller puts an infinite trust in the most probable model. In the transient phase, such a model
may be a poor description of the system, which may ultimately result in an excessive control action applied
to the system or even a transiently unstable closed-loop system.

As shown by graph (b), the cautious adaptive controller is able to overcome the above difficulty and it
significantly enhances the transient behavior with respect to the certainty equivalence controller. However, the
control system performance obtained by applying the cautious adaptive controller are strictly suboptimal even
in the long run. The reason why this happens is that the cautious control has no probing features and, in
fact, it tends not to excite the unknown dynamics of the true system. Thus, the controller parameter are not
consistently estimated.
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Fig. 1. Sample LQG performance index: (a) certainty equivalence control; (b) cautious adaptive control (¢ = = 0.1).

1 I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

Fig. 2. Sample LQG performance index: (a) cautious adaptive control with dither; (b) cautious adaptive control; (c) cautious robust
control. For all control laws, ¢ = 6 = 0.1.

In order to overcome this difficulty a dither noise can be added to the cautious control input. If the dither
noise is suitably selected, then one can enforce optimality. The adopted control law with dither takes the form

u; =doy; + cu,—y + dither;,,

where {dither;} is a white process, independent of {n,}, such that its distribution at time ¢ is uniform in
[ —V0.3/(t + 1)V5,3/03/(t + 1)/15].

The control system behavior obtained by applying the cautious LQG adaptive control algorithm with dither
noise is displayed in Fig. 2. Fig. 2 also shows the cautious LQG adaptive control without dither (same as
(b) in Fig. 1) for easy comparison. The controller with dither outperforms that without dither and is in fact
asymptotically optimal (the sample cost tends to 2.13—the optimal cost—when ¢ — oo). As an additional
element of comparison, in Fig. 2 the performance achieved by the cautious robust controller—i.e., the controller
designed on the basis of the initial distribution % and maintained fixed through time—is also represented.
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8. Discussion and open problems: minimizing £ 5, y/[J (-, )|

In this section we discuss the issues involved in the minimization of E@[,M[J (-,7)] over the set I.

Typically, I' is a continuum set of parameterizations and E‘_@t m[J(,7)] is a non-convex function of the
controller parameter y. Consequently, its minimization is a non-trivial task whenever the space in which I" is
embedded is high dimensional.

In this section, we discuss two methods for addressing this issue. The key idea in both cases is to focus
attention on a finite subset of the controller parameter set and perform an exhaustive search on it.

8.1. Randomized minimization

Introduce a probability distribution 2, on the controller parameter set I'. Then, in order to minimize
Ep m[J(,7)], we can resort to the following stochastic algorithm, previously introduced in [20,25]:

1. extract at random N independent controller parameters y,7s,...,7y according to 2;;
2. choose y, = arg minve{v;}}”’:l Ep[J(, 7))

Clearly, since we are testing just N values of y, we cannot expect that 7y, is the global minimizer of
]:A“;J;»,,M[J (-,7)] over I'. In addition, the quality of the result is random due to the stochastic selection of
parameters 7;’s. Nevertheless, the following quantitative statement can be proven showing that y; can be con-
sidered optimal in some probabilistic sense (see [30, Lemma 11.1] for a proof of this result): fix an arbitrary
real number o > 0. Then,

2:y: EpmlJ )] < EpulJ (5701} < (18)

with probability at least equal to 1 — (1 — a)V.

Here, the specification “with probability at least equal to 1 — (1 — «)"” makes reference to the probability
involved in the random extractions of the y;’s. Note that Eq. (18) does not prevent the existence of 7’s
such that E;//I,M[J P <E 2, m[J(,ye)]. It only requires that this happens in an exceptional set in I" whose
probability 2, is upper bounded by «. From this, we see that parameter « quantifies the difficulty of improv-
ing E,@l M[J(,p)] over EA‘,@I M[J(, )] by resorting to a stochastic selection (based on probability 2;) of the
controller parameter y. On the other hand, a decision maker having at his disposal a perfect deterministic
minimization procedure might be able to gain a large improvement over £ 2, m[J (-, )] This is more likely to
happen if the controller parameter space is high dimensional, since in this case the 2, measure of the nearly
optimal controller parameter set is generally small (curse of dimensionality).

In the following points (i) and (ii), we indicate two possible ways to overcome the difficulty posed by the
presence of the exceptional set of measure o.

(1) A wise selection of the probability 2,. A possibility is to select the probability distribution 2, to be
the probability induced on I' by £, through the function ¥ — y°(«}) that maps each ¥ in the parameterization
7 that is optimal for the model with parameter 1J. In mathematical terms, this corresponds to set 2,(4) =
P A9 y°(¥) €A}, VA C T' (measurability issues are neglected here). This choice of 2, leads to a selection of
parameters y;’s better suited to the control situation at hand at least in the long run, when 2; becomes more
sharply peaked around the true plant parameter ([7,23]).

(ii) A structured controller: Consider a controller composed by two parts: a nominal controller plus a
detuning filter (e.g. a low pass filter) with very few (say 1 or 2) parameters. In this setting one can conceive
to determine the controller according to a two-step procedure. The nominal controller is first tuned according
to the certainty equivalence principle; then, the detuning filter is selected in a cautious fashion, according to
the average cost approach so as to decrease the crossover frequency of the control system. This way, due to
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the low dimensionality of y, the problem of tuning the cautious controller parameter is easy to solve. One can
e.g. use the stochastic minimization method where 2, can be simply chosen to be the uniform distribution,
or sweep the entire I' set in some deterministic fashion. This approach has been adopted in [4].

8.2. Predefined finite controller covering

The idea here is to reduce the feasible controller set from the very beginning to an appropriately designed
finite set so as to overcome the difficulties involved in the minimization of £ 2,m[J(-,7)], while not degradating
too much the best achievable level of performance. Such an approach is inspired by the literature on switching
adaptive control (see e.g. [14,21,24]), where the need for a finite set of candidate controllers has been motivated
from both a practical and a theoretical point of view.

In a switching control scheme, at event-driven time instants, a supervisory control system decides which
one of the candidate controllers in a feasible finite set should be placed in feedback with the system so as to
achieve a certain performance level. In particular, in the estimator-based approach to switching control, the
supervisor relies on a model set for the controller selection. Specifically, it switches in the loop the candidate
controller that is optimal for the model better resembling the system behavior according to some identification
criterion. The feasible set then has to be designed so that for each model there is a candidate controller
which ensures a certain known performance level when placed in closed-loop with it. Hence, the name “finite
controller cover” for the feasible controller set.

In our cautious control context, we suggest to consider many controller covers at the same time. The first
controller cover corresponds to controllers with a high robustness level, while penalizing performance. Subse-
quent covers correspond to controllers with progressively increasing performance at the price of a decreasing
level of robustness. All the controllers in these covers are put together in a single large set and the controller
selection within this set is performed by means of an exhaustive search based on our randomized method.
When Z; is spread over the model parameter set @, the chosen controller will belong to a cover with high
robustness and low performance, while, as &, becomes more concentrated around the true system parameter,
controllers belonging to covers with lower robustness and higher performance will be automatically preferred.

The main difficulty in adopting this approach is determining the finite controller cover. This issue has in
fact been addressed only recently in the literature. In [1], the existence of a finite controller cover has been
proven for H,, control and a compact @, and a procedure for determining it has been presented. Similar
results have been shown also in [22]. Yet, in many cases a computationally efficient method to determine a
finite cover may be difficult to work out.

Preliminary results along this multi-cover approach are reported in [6].

9. Conclusions

In this paper, we have introduced a general methodology for adaptive control that combines randomized
methods for the minimization of average cost criteria with the updating of the probability distribution repre-
senting the uncertainty on the system description. After introducing the main ideas in a general control setup,
we have concentrated on LQG control. A simulation example has illustrated the efficacy of the method.

Still, as discussed in the paper, important open issues need to be further investigated. This includes:

e the study of how Z2, can be updated and, in particular, how the asymptotic theory of system identification
can be used in this context;

e unmodeled dynamics have not been considered in the updating of Z;. For real applicability of the method,
the presence of unmodeled dynamics has somehow to be taken care of;
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e the combined use of cautious randomized control and switching control represents a way to overcome
existing difficulties of both methods, while preserving their positive features. This study is still at the
outset, though.

These points represent a stimulus for future research.

Appendix A. Optimal LQG control

We next review basic facts on the solution to the optimal LQG control introduced in Section 7. The
interested reader is referred to, e.g., [3,8] for a more comprehensive treatment.
Suppose that n > 0 (for n =0, the optimal control law is trivially u, =0, £ = 0). Set x; := [ys,..., Vi—(n—1),

ut_l,...,ut_(m_l)]T. Then, model (7) with parameter ¥ can be given the state space representation:
Xe1 = A0 + B(Du, + Cngyr,  ye = Hxy, (A1)
where
[ a1 an b bu—1 b ] [ b1 ] 1
10 0 0
A(9) 1 ’ (¥) ’ C=H" )
— , B = , = H =
0 ... oo .. 0 ... .. 0 1 0
1 0 0
i 1 0 | | 0 | 0

If system (A.1) is stabilizable and detectable, then there exists a unique positive semidefinite solution P(1})
to the discrete time algebraic Riccati equation

P =A(WY)'[P — PB(W)(B(9)"PB(Y) + r)"'B(9) ' P1A(W) + H'H

and the optimal LQG control law is given by u, = y°(J)x;, where 7°(¥) = —(B(9)T'P(9)B() + r)~!
B(9)'P(9)A(Y). Letting y°(9) = [d§(D),...,do_ (), S(I),...,co_(9)], the optimal LQG control can be
rewritten in the input-output form %(y°(1),z~") u,=2(y°(9),z=") v, where G(y°(1),z" )=1-3"""7" 2 (9)z~
and (;°(0),27") = Y17, dy(9)=".

Let y =[do,...,dy—1,¢1,.-.,cm—1] and suppose that controller C(p,z Dy, = Q(y,zfl)y, is applied to the
system with parameter ¥. Under the assumption that A(¢) + B(¢)y is stable, the LQG control performance of
the closed-loop system where the model with parameter ¢ is controlled by the controller with parameter y is
given by

J'(9,7) = trace(P(¥9,7)CCT 6?), (A.2)
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where P(¢,7) is the solution to the Lyapunov equation

P = (A(9) + B(9)y)'P(A(0) + B(9)y) + r"y + H'H. (A3)

Appendix B. Proof of Theorem 2

Consider the family of functions # = {J(-,7): 0 = RI*! — [0,1],y € ' = R7}. Given a function J(-,7)
in 7, let g((9,¢),y) := H(J(VY,y) — ¢), where c€[0,1] is an additional variable and H(-) is the Heaviside
function (H(x) =1, if x =0, H(x) =0, if x <0). Also, let ¥ := {g((-,-),7) : @ x [0,1] — {0,1},y€T}.
Then, by [30, Lemma 10.1] P-dimension(.# )= VC-dimension(¥) (see e.g. [30, p. 69] for the definition of the
VC-dimension). Thus, the original problem of computing P-dimension(% ) is reduced to the one of computing
VC-dimension(%). This computation can be carried out by resorting to [30, Corollary 10.2] as explained
next.

Suppose that ¢ > 1 (the derivation for the case ¢ =1 is simple, and is not developed in detail). Given any
set S, let Iy be the indicator function of S. We prove below that g((¢,¢),y) can be written as

g((ﬂac)a V) :[S((ﬂac),’y)a (Bl)

where § C R4 x [0,1] x PR? is a set with a particular structure. Precisely,

2q+1
i=1 >

S = Boolean formula applied to {S;}

where S;, i=1,...,2¢ + 1, are sets given by S; = {7;((¢,¢),y) > 0} with t; polynomials in y whose largest
degree is v = 4q (a Boolean formula is any set expression containing union, intersection, and complemen-
tation). Before proving (B.1)), we note that the statement of Theorem 2 can be obtained from (B.1) by
applying the bound on the VC-dimension(%) in Corollary 10.2 in [30], which, in our notations, says that
VC-dimension(¥) < 2q log,(4ev(2qg + 1)) = 2qlog,(16eq(2q + 1)).

The proof is now completed by showing (B.1).

Observe first that by definition (16) of J(¥,7) the following equality holds (¢ stands for complement):

{J(9,y) —c =0} = {A(W) + B(?9)y stable}* U ({A(ﬂ) + B(¥)y stable} N {J’(ﬁﬂ/) = (106)[3}> »

where J/(¥,7) = trace(P(¥,7)CCTa?) (see (A.2)). We then need to consider the sets {A()) + B(¢J)y stable}
and {trace(P(0,7)CCT6?) = ¢/(1 — c)B}.

Let us start with {4(9) 4+ B()y stable}.

According to Schur—Cohn criterion, the roots of

Jwp(4) = det(ily — (A(D) + B(D)y))
=20+ 10, )27 e fy(0,7)
will lie in the open unit circle if and only if the following 2¢ conditions are satisfied:
Swn(1) >0,
(=D fwpn(=1) >0,
det(X;(0,y) + Yi(9,y)) >0, i=1,2,...,g9—1,
det(X;(0,y) — Yi(9,9)) >0, i=12,...,q—1



M.C. Campi, M. Prandini| Systems & Control Letters 49 (2003) 21-36 35

with
(1 f1 f2 o fia] [ fo ]
L fi .. fi S Se—r
X = , Y= ;
1 fl fq fq—l fq—i+2
L 1_ _fq qul quZ quiH_

where X;, Y;, f; are short for X;(4,7), Yi(4,7), fi(¥,7). Since the degree in y of fi(¥,7), i=1,...,q, is at
most 2, such 2¢ conditions can be rewritten in the form ;(¢9,7) > 0, i=1,2,...,2¢q, where the largest degree
of each polynomial 7;(1},7) as a function of y is 2(g — 1).

Therefore {4(¥) + B(1)y stable} = ﬂlzzl S;, with S; = {7;(9,7) > 0} such that degree(t;(9,7)) <2(g — 1),
i=12,...,2q.

Consider now the set {trace(P(¥J,7)CCT6?) = c/(1 — ¢)pB}.

Matrix P(4,7) is the unique solution to the Lyapunov equation (A.3) which can be reformulated as a system
of linear equations in the components of P by means of the Kronecker product ®, [13]. This is explained
next.

Given a h x k matrix ¥, denote by vec(V) the ik x 1 column vector vec(V)=[v] v] ... v]]", where v,
is the ith column of V. Eq. (A.3) can be rewritten as follows:

vec(P) = vec((A(9) + B(9)y)TP(A(9) + B(9)y)) + vec(ryTy + HTH)
= ((A(9) + B))" @ (AW + BW)y)") vee(P) + vec(ry"y + H'H),

where we have used the property that, given matrices V', W and Z of appropriate dimensions, vec(VWZ) =
(Z" @ V')vec(W). From this it follows that

vee(P(9,9)" = vee(ry"y + HTH) (I, — (A(9) + B(9)y) ® (A(W) + B(I)y)) .

Notice now that P(1J,7)CCTa? has all entries equal to zero except for the first column due to the fact that
C=[10 ...0]". Thus, trace(P(?),y)CCT6?) only extracts the 1,1 entry of P(¥,7)CC a2

Letting W (19,7) := I — (A(9) + B(9)y) ® (A(9) + B(V)y), the condition trace(P(¥,7)CCT6?) = ¢/(1 —¢)p
can therefore be rewritten as follows:

cdet(W(9,7)) — (1 — e)Ba® vee(ry'y + H H) [ac(W (9,7))]; <0,

where [ac(W (¥,7))]; is the first column of the algebraic complement transpose of matrix W (¥,7). By using
the definition of Kronecker product, one can see that the degree of polynomial det(W (¥,y)) as a function of
7 is less than or equal to 4q. As for polynomial vec(ry'y + HTH ) [ac(W (¥, 7))];, it has the same degree 4¢
since all the terms of vector [ac(W (¥,7))];, have at most degree 4q — 2.

Therefore, by setting t2,41((9,¢),7) = cdet(W(9,7)) — (1 — ¢)Ba? vec(ryTy + HTH) [ac(W (9,7))];, we
have that {trace(P(¥),7)CC %) = c/(1 — c)f} = S5, with Syg41 = {t2g11((V,¢),7) > 0} and degree(tay 1
((9,¢),7)) =4q.

Then, the sought set S is given by (24, $)¢ U (N, Si) N S5,+1), which concludes the proof.
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