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Abstract

In this paper we consider the finite sample
properties of least squares system identifica-
tion, and we derive non-asymptotic confidence
ellipsoids for the estimate. Unlike asymptotic
theory, the obtained confidence ellipsoids are
valid for a finite number of data points. The
probability that the estimate belongs to a cer-
tain ellipsoid has a natural dependence on the
volume of the ellipsoid, the data generating
mechanism, the model order and the number
of data points available.
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1 Introduction

In this paper we consider the properties of
least squares system identification when only a
finite number of data points are available. The
asymptotic properties of least squares identi-
fication are well understood, see e.g. Ljung
(1999) or S6derstrom and Stoica (1989), but
it is only recently that results addressing the
finite sample properties have started appear-
ing, e.g. Weyer et al (1999), Weyer and Campi
(1999), Weyer (2000) and Campi and Weyer
(2000).

In applications it is common to use the asymp-
totic confidence regions for the parameter esti-
mate, even only a finite number of data points

are available. In this paper we derive non-
asymptotic confidence ellipsoids for the least
squares estimate. It is shown that the confi-
dence ellipsoids depend in a natural way on
factors such as the model and system order,
the pole locations and the number of data
points available.

The main tool we make use of in order to
derive the confidence ellipsoids is exponen-
tial inequalities. Earlier, using different tech-
niques, Spall (1995) has considered uncer-
tainty bounds for general M-estimators for a
finite number of data points. His results are
however difficult to use in the situation we
consider here.

The paper is organised as follows. In the next
section we introduce the identification setting.
The main result is given in section 3 while
technical results are given in the appendices.
Due to space limitations only partial proofs
are given.

2 Identification setting

2.1 The data generation mechanism
We assume that the observed data are gener-
ated by a linear system

y(t) = Golg ")u(t) + Ho(g Me(t) (1)

where the input signal u(¢) is stochastic and
generated by

u(t) = Volg~"w(t) (2)



w(t) is a sequence of independent Gaussian
random variables with zero mean and variance
o2. The noise process e(t) is a sequence of
independent Gaussian random variables with
zero mean and variance o2. The assumptions
on u(t) and e(t) are not crucial. The results
can easily be extended to deterministic input
signals and other types of iid noise sequences.
Go(q™Y), Ho(q™') and Vy(¢~ ') are transfer
functions in the backward shift operator ¢~ !,
i.e ¢ ty(t) = y(t — 1); however, for the sake of

readability, we omit throughout to explicitly

indicate the dependence on ¢~'. Moreover,
Go, Hy and 1V can be written as
Go=20, Hi=7l, Vo=

where

Ay = l4ang '+ +aomqg ™

By = borq”" + -+ bongq "™

Co = l+coqg "+ +conqg ™

Do = 1+dog '+ +dong ™

Ry = l4roig 4 +ronqg ™

So = Ll+soiqg '+ +Sonq ™

and ng and n; are upper bounds on the de-
grees. Moreover, we assume that the zeros of
Ag, Co, Dy, Ry and Sy are inside a circle of a
known radius n < 1, i.e. we assume stability
of the system with a known margin, and also
that the transfer function between the noise
sequence and the output has a stable inverse
with the same stability margin. The zeros of
By is assumed to be inside a circle of known
radius p, where p might be larger than 1, i.e.
we allow for non-minimum phase zeros in the
transfer function between u(t) and y(t), and
finally we assume that |bp;| is bounded by a
known constant B.

2.2 Model Class
The model class considered is

Al Hy(t) = Blg u(t) +v(t)  (3)
where v(t) is a disturbance and

A(f) = 1+ag '+ +ang "
B) = big ' 44 bg "

(3) can be written in linear regression form
y(t,0) = ¢ (t)0 + v(t) by introducing

¢(t) = [_y(t_ 1)?"'7_y(t_n)7

u(t —1),...,u(t—n)"
0 = [a1,...,an,bi,...,b0,]"

Notice that the system itself does not need to
belong to the model class.

2.3 The Identification Criterion

From a system identification perspective, the
most important feature of the above model is
its associated predictor which is given by

g(t,60) = ¢7 ()8

and the corresponding prediction error is

e(t,0) = y(t) —y(t,0) (4)

Ideally, one would like to choose 6§ such that
the following theoretical identification cost

V(6) = E*(t,0) (5)
is minimised. The value of # which minimises
(5) is given by

0* =R 'f (6)
where

R=E¢(t)p"(t), f=E¢(tyt) (7)

Since the data generation mechanism is un-
known, one cannot compute the expected
value (5) and the estimate (6). Instead the
empirical version

N

WO =Y Ews ®

t=1

is used, and the corresponding estimate is the
well known least squares estimate

On = Ry fn 9)
where
1 XN N
Ry =D oMo (), fv=1> sty
t=1 t=1 10)

Clearly, Oy can only be expected to be close to
#* when the the number of data points tends
to infinity, and this is indeed the case un-
der mild assumptions, see e.g. Ljung (1999).
However, we never have an infinite number of
data points, and a question that arises natu-
rally is to quantify the difference between On
and 6* for a finite V.



3 The main result

In this section we present the ellipsoidal con-
fidence regions for the least squares estimate.
First we bound the probability that the differ-
ences Ry — R and fx — f exceed certain values
(Theorem 3.1), and then we use these results
to bound Ay — * (Theorem 3.2).

We have not made any attempt of optimis-
ing these bounds, and in some places we have
made the bounds more conservative in order to
get relatively simple expressions. The bounds
are therefore looser than they need to be, but
they illustrate how the confidence ellipsoids
depend on important variables, and they show
that in principle we can derive confidence el-
lipsoids for a finite number of data points.

Theorem 3.1 For any finite N, e >0, v >0
we can explicitly compute values 0447 € (0,1]
and ¢y € (0,1] such that

1
1
and
1
Pre|fn—fl<v >1—0gy
1

where the inequalities should be understood el-
ement by element.

Partial proof. See appendix A.

dper and dy, are functions of N, €,n,ng, ny, 7,
i, B,o, and o.. The functional dependencies
of 447 and dy, are quite natural. In particu-
lar 4,7 and 04, tends to 1 when the bound on
the pole positions n — 1, and/or the system
and model order n,ng,n; — oo. This can be
easily understood since under these conditions
the prediction errors will have long range de-
pendencies, and the probability that there is a
large difference between the expected and em-
pirical value increases. Also, as expected 647
and d4, tends to zero as N — oo, but notice
that for small values of N, € and v, d,4r and
dgy may be equal to 1, in which case the The-
orem does not yield any useful information.

We are now in the position that we can de-
rive non-asymptotic confidence ellipsoids for
the parameter estimate.

Theorem 3.2 Assume that the data has been
generated according to (1) and (2). Let On =
R;,lfN and 0* = R™'f. If Ry — 2nel is pos-
itive definite, then

(On —0*)T(Ry — 2nel)(On — 0*) <

(ev2n||Bn|| + v)22n
Amin (RN - 2neI)

with probability at least 1 — dy4r — 04, where
dper and dg4y are given in Theorem 3.1.
Amin(-) denotes the smallest eigenvalue, and
n is the model order.

The shape of the non-asymptotic confidence
ellipsoids are similar to those obtained from
asymptotic theory under the assumption that
the true system belongs to the model class. In
the asymptotic case the ellipsoids are given by
(On —0*)T R(An —0%), but since R is unknown
it is in practice replaced by its sample mean
Ry . The only difference between the ellipsoids
is therefore that we subtract the diagonal ma-
trix 2nel in the non-asymptotic case. Note
however, that even though the shape of the
ellipsoids is similar, the probabilities we as-
sign to the individual ellipsoids may be quite
different in the asymptotic and finite sample
case. The finite sample results tend to be on
the conservative side.

Proof: From Theorem 3.1 it follows that

(RN + R0 =fn+f

with probability at least 1 — 447 — &gy for
some R and f satisfying

1 1
Rl <e| : |11, [fl<v] :
1 1

It follows that

(9:N - 9*)TRN(9:N —0%) =
(b — 6%)7 (Ryfy — Ry6") =
On — 0T (fx — fn — [+ RO*) =

6*)
~(On — ") R(On — 67)+
(On —6°)T (RON — f)



and hence

(On — )T (RON — f)

Since R + 2nel is positive definite it follows
that

(91\{ - 9*)T(RN - 2116])(01\[ - 9*)

Next we observe that
(On —07)"(Riy — f) <
S 10: = 071 (3 1sle +v)
From Holder’s inequality it follows that
(332, 1652 < 2n|6][?. Hence
(On = 6)"(RbN - f) <
ity 16 — 671 (ev2n]16]] + v)
Thus, by combining (12), (11) and (13) it fol-
lows that
(On — )T (RN — 2nel)(On — 6*) <
iy 16: = 67 |(ev/2n]16]] +v) <
V2n||60 — 6*||(ev/2n||0]|| + v)

This implies that

(13)

V(e + )

ry <
||0 b || - /\min(RN—2TLGI)

and hence

(On — 09T (RN — 2nel)(On — 6%) <

(ev/2n]|0n|| + v)22n
>\min (RN — QTLGI)

4 Concluding remarks

In this paper we have derived non-asymptotic
confidence ellipsoids for the least squares es-
timate. The shape of the ellipsoids is similar
to that obtained using asymptotic theory, al-
though the probabilities we assign to the ellip-
soids can be quite different. The probability
that the estimate belongs to a certain ellip-
soids has a natural dependence on the volume
of the ellipsoid, the data generating mecha-
nism, the model order and the number of data
points available.
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A Bounds on R(N) and f(N)

The elements of R(N) and f(N) are of the
forms - Yo, y(t — k)y(t — 1), & o, y(t —
kyu(t —1) and L SN u(t — k)u(t ).

Due to space limitations we will only
deriv?v bounds for the difference between
N 21 Yt = k)y(t—1) and By(t — k)y(t —1).
The other bounds follow along the same lines.

Theorem A.1 Let
| N
SY =~ 2yt —k)y(t—1) — By(t—k)y(t—1)
t=1

Then
P’I"{|S]Z<fy| S 6} Z 1 —61 —(52 —2(53



where
Ne2 o,
T 402 (402 teww)
e w4y,
o= R
<1 —e 403(4aa+eww)>
NeZ,
Nl
e 2o2(etece)
0 = 4 NS 5
<1 —e 403(4vz+eee)>
NeZ .
€ 20woe(2owoetewe)
03 = 2 N 5
<1 —e 2awae(2owae+ewe)>
< 6(177,’)2n0+2n1+1
Cww = 3P TB2(2(ng )t 3(1-n)
21’11072
_n_
(n-i—u)
6(1—17)2"0+1
€ce S 3770 @nont(i=m)
< 6(1—7'])2n0+n1+1
Cwe = F30F AT B((Znotnn)nt2(1-1))
no—1
)"
n+u
Proof. Let
GoVo = -1 -2
oo = g19 " +g2q "+ -
Hg = 1+h1q71+h2q72+---
and let
Se(iyg) = % Sy wlt—k—i)w(t—1-j)
N, J) = N w 1)w Jj

—Okqi—i—j0y,

S(i,5) = & XLy et —k —i)e(t —1—j)
—Okti—i—jO2

Swe(i,j) = L3N wt—k—i)e(t —1—j)

S§(i,5) = % Sy elt —k—iw(t—1—j)

where 0jqi—j—; = 1if k+4 =1+ 7 and O
otherwise.

Using (1) and (2) we find that

N

1

& 2yt =Ryt —1) = By(t — k)y(t —1)| <
t=1

S ol -5 )1+

Dico 2o il - 1Rl - [SK (4, 5) |+

(3

S0 X ol - Il - 1SRG )l +
220 Sy il Loyl 1S 6, )

Suppose that |SN™ (i, 5)| < €ww(i+j+1). Us-
ing the bound on the coefficients from Lemma
B.1 and (19) and (20) we find that the first
term on the “right hand” side of (14) is
bounded by

Yot 2 lgil - lgil - 1SR (0, 4)] <

2ng—2
"7 2(notna)n+3(1=n)
(1_p)Zro¥zniFl Cww

(15)

2B (14 1)

Similarly, by assuming that |S§(i,7)] <
€ee(i+j +1) and [SKE(, §))] < €we(i+7+1)
we find that

Ym0 Xjo il - |hgl - |SK (0, 9)] <

9no 2non+(1—n) €
TT—n)2moF1 Cee

and
Doy Yo lgil - [yl - 1SR (i, 9))] <

no—1 _
grotm (14 £)7 plactmntalon,

and it follows that

ISV < e (16)

Next we compute the probability that
|S¥™(7,7)] < €ww(i + 7 + 1) uniformly in ¢
and j. Using (17) and (18) we find that this
probability is at least 1 — § where

> NeZ, G4i+1)?

6 = § § de 0% (@02 teww (i+it+D)

i=0 j=0
< _ Ne2 o, (m+1)?
= Z (m + 1)46 402 (402, +eww (m+1))
m=0
o0
< 4 Z (m + 1)e=7(m+1)
m=0
where 5
Ne
ww
Y

202,402 + €wn)
Using (21) it follows that
Pr{|S{*(i,7)] < €ww(i+j+1)} >1—-6

where the probability is uniform in ¢ and j.



Similarly we find that

Priy|Sy (i, )l < eceli+j+1)} >1-62
and

Pri{|SR(i,7)| < eweli+j+1)} > 1—0s

and the Theorem follows.

B Bounds on coefficients

Lemma B.1 The coefficients of

GoVo = g1q71+ggq*2+---
Hy = 1+4hg +heq %+

are bounded by

no—1
lgk| < 2"13<1+H> :
n

k--(k+no+mn —2) .,

(ng +ny — 1)'
| < 2n0(k+1)---(k+n0—1) i
(’TL() — 1)'
Proof: See Campi and Weyer (2000). m

C Exponential inequalities

The main theorem we are going to make use
of is the following one taken from Bosq (1998)

Theorem C.1 Let Xi,...,Xn be indepen-
dent zero mean real-valued random wvariables
and let Sy = Zivzl X;. Assume there exists a
c > 0 such that

E|Xi|F < P 2RIEX? < oo,

i=t,...,Nk=3,4,...
then

2

Pr{|Sn| > e} < 2e *TiimxFizee

Corollary C.2 Let w(t) be a zero mean
Gaussian variable with variance o2,. Then

| X
P - 2 _ 42
r{‘N;w (t—k)—o0oL

o e2 (k, k)N
2e 402 (202, +e(k,k))

Ze(kﬁk)} <

(17)

N
> w(t—kyw(t 1)

1
Pri—
¥

Ne2(k 1)

4de T 402 (402, te(k,1)) k 7& l

> e(k, l)}

(18)

(17) follows from Theorem C.1, noting that
X; = w?(t) — 02 satisfies the conditions in the
Theorem with ¢ = 202, EX? = 202 .

In order to prove (18) for k # I we use Theo-
rem C.1 with X; = w(t — k) (t—1). It follows
that EX; = 0, EX} = o}, ¢ = 0. How-
ever, Xz, t =1,..., N are not iid, but, we can
group the time indices {1,2,...,N} into two
set A; and A, such that X;, t € Ay are iid
random variables and X;, t € A, are iid ran-
dom variables. For simplicity we assume that
N is even and that A; and A, contain N/2
time indices each. Then we have

Prik [, wit - Buwi -] > ek,n)} <
Pr {% |EteA1 w(t — k)w(t — l)| > 5(1;,1) } +
Pr{% | Siea, wit — yw(t -] > 01 =

1
2Pr {ﬁ |EteA1 w(t
_ Ne2(k,l)
4de 402(402 +e(k,1))

D Handy formulas

o0

(k+1)---(k+n—1) , 1
s ! n* =
P -1 ="

(19)
~k(k+1)--(k+n—-1) , nn
s (n—1)! N
(20)
a™tez = a” c1— —a
mXZ:O m+ci1)a = _a)2(1+( 1—1)(1—a))
(21)



