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Abstract

Reportedly, guaranteeing the controllability of the esti-
mated system is a crucial problem in adaptive control.
In this paper, we introduce a recursive least squares-
based identification algorithm for stochastic SISO sys-
tems, which secures the uniform controllability of the
estimated system and presents closed-loop identifica-
tion properties similar to those of the least squares
algorithm. The proposed algorithm is recursive and,
therefore, easily implementable. Its use, however, is
confined to cases in which the parameter uncertainly is
highly structured.

This new identification algorithm can be safely used
in adaptive control applications. As a matter of fact,
we introduce a pole placement adaptive control scheme
equipped with such an algorithm and prove a pathwise
stability result for the so-obtained closed-loop system.

1 Introduction

In this paper, we introduce a new recursive least
squares-based identification algorithm to cope with the
long-standing controllability problem in adaptive con-
trol. As a matter of fact, it is well known ([1]-{7]) that
the possible occurrence of pole-zero cancellations in the
estimated model hampers the operation of adaptive
control systems when the plant is nonminimum-phase.
On the other hand, in the absence of suitable identifia-
bility conditions, standard identification algorithms do
not guarantee the estimated model controllability.
Two main streams of methods have been proposed in
the literature to solve the controllability problem. One
consists in the a-posteriori modification of the least
squares estimate ([2]-[4]). By exploiting the proper-
ties of the least squares covariance matrix, these meth-
ods secure controllability, while preserving the least
squares algorithm properties. The main drawback of
this approach is that the modification is not easily im-
plementable. The second approach ([5]-[7]) forces the
estimates to belong to an a-priori known region con-
taining the true parameter and such that all the mod-
els in that region are controllable.

The solution we propose in this paper belongs to the

second group of approaches briefly described above.
The required a-priori knowledge is certainly a restric-
tive assumption, but, in the case such a knowledge is in
fact available, the identification algorithm we propose
represents an efficient and easily implementable way
to circumvent the controllability problem. Moreover,
we show that our modification to force the estimate
to belong to the known uncertainty region is active
only in finite time and it switches off automatically in
the long run. As a consequence, the new identification
method retains the closed-loop identification proper-
ties of the standard least squares method {Theorem 2
in Section 3). This is of crucial importance in adaptive
control applications.

The final section (Section 4) is dedicated to the ap-
plication of the proposed identification method to an
adaptive pole placement control problem. We prove
in particular a pathwise stability result for the corre-
sponding control scheme.

2 The system and the uncertainty region

We consider the discrete time stochastic SISO system
described by the following ARX model

A% q )y = B¢ ) ug + 1y (1)

where A(9°;¢™!) and B(9°; ¢™!) are polynomials in the
unit-delay operator ¢~ depending on the system pa-
rameter vector 9° = [af a§...a3 b3 b,y ...8%,4]7.
Precisely, they are given by A(¥°%q¢7!) = 1 -
Siiafe~t and B(8%47Y) = DY e

As for the stochastic disturbance {n:} acting on the
system, it is described as a martingale difference se-
quence with respect to an increasing sequence of o-

fields {F:}, satisfying the following conditions

A.1) sup E[|n;41]%/Fi] < co, a.s. for some 8 > 2,
t

¢
1 .
A.2) hggglf " k_;__l ny > 0.

In this paper, a new identification algorithm for system
(1) is introduced, which secures the estimated model
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controllability, while preserving the least squares algo-
rithm closed-loop identification properties. These re-
sults can be worked out under the a-priori knowledge
that

A.3) ¥° is an interior point of S(W,r) = {¥ €
RrtmAl:|l9 ~ 9| < 7},

where the n + m + 1-sphere S(J,r) is such that all
models with parameter ¥ € S(d,r) are controllable.
Assumption 3 is certainly a stringent condition. It re-
quires that the a-priori parameter uncertainty is re-
stricted enough so that the uncertainty region can be
described as a sphere completely embedded in the con-
trollability region. In this connection, the center J of
the sphere should be thought of as a nominal, a-priori
known, value of the uncertain parameter 4#°, obtained
either by physical knowledge of the plant or by some
coarse off-line identification procedure. The identifica-
tion algorithm should then be used to refine the pa-
rameter estimate during the normal on-line operating
condition of the control system so as to better tune the
controller to the actual plant characteristics.

3 The recursive identification algorithm
Letting @¢ = (Yt - - Ye—(n-1) Ut—(d—1) -- g (mtd—-1) |
be the observation vector, system (1) can be given the
usua] regression-like form

e = i1 0° + ny.

The recursive algorithm for the estimation of parameter
¥° is given by the following recursive procedure:

1. Compute P; according to the following procedure:

set Tp = P,

fori=1lton+m+1,
)
R
éi=1[0... 1 ...OJT
(ce —at—l)ﬂ—1¢i¢;’rT'—1

T;=Ti1 ~
T T+ (o — a-1)dT Tima 6
then, r
T, - T
Po=Tormit — n+m+1Pt—19-1 ntmtl 2.1)

1+ ol Thime10t-1

2. Compute the least squares type estimate Jy accord-
ing to the equation:

By = 941 + Prpra(ye — ‘PtT—ﬂgt—l) + Piay —

at_l)(ﬁ had 'l§g-1) (2.2)
where
re = 11 + |l (2.3)

a, = (log(r)'*?, (6 > 0). (2.4)

3. If 9, ¢ S(,r), project the estimate ¥; onto the

sphere S(9,r):
if 9; € S, r)

15 { Q9t1
t= 9,9 3 P
o+ 9, othrmse.

(2.5)

It is possible to verify (Theorem 1 below) that equa-
tions (2.1)-(2.4) recursively compute the minimizer of
the performance index

t
> (g = wi19)* + el = B 3)
k=1

(here we neglect the initialization issue, see Theorem 1
below for a precise statement). This observation allows
for an easy interpretation of the algorithm (2.1)-(2.5).
In equation (3), the first term 35 _, vk —@7_,9)? is the
standard performance index for the least squares algo-
rithm, while the second term a||#—9||? penalizes those
parameterizations which are too far from the a-priori
nominal parameter value 9. In Theorem 1 point i), we
show that the coefficient o in front of |9 — J||*> grows
rapidly enough so that term .|| —J||? asserts itself in
the long run in such a way that the estimate J; belongs
to S(J,7), for t large enough. As a consequence, the
projection operator in equation (2.5) is automatically
switched off when ¢ tends to infinity. The fact that the
estimate becomes free of any projection in the long run
has a beneficial effect on its asymptotic properties. As
a matter of fact, in Theorem 2 we prove that J; ex-
hibits closed-loop properties which are similar to those
of the standard recursive least squares estimate. This
is crucial in adaptive control applications.

Theorem 1 .
i) The parameter estimate 9J; obtained through the re-

cursive procedure (2.1)-(2.4) initialized with

o=7

o = tr(Q)

Qg = (log(ro))H"s
B = [Q + aol]—l

Q=Q7>0)

is the minimizer of the performance index
Dy(9) = Va(9) + ol = 9|2

where

V@) =Y (uk — ph-19)* + (0 = 5)7Q(J - 9)

k=1

is the standard least squares performance index with
regularization term (9 — 9)TQ (¥ — J) and

t
a = Qog(>_ llge1l> + (@D, (@)

k=1



i) Assume that u; is F;-measurable. Then, there exists
a finite time instant f such that 9; € S(¥9,r), t > £, a.s..
Proof.
Part 1) Trivial and therefore omitted.

Armnta las .QLS

Part il,/ Denote Oy v
squares performance index V;(¥) and set

l:LJ.U uxuuuuacx ()

t
= pe16i +Q.

k=1

By subtracting 9, we get
Gi~F = (Qe+ae) Qe (¥°

Thus, the norm of 1§t — 9 can be upper bounded as

£
I0lIOWS

a9, — 9 < H9° =IOy -y :

Hvi Al I § g b ERLA R X L Ead 4 hd v oJu

We annlv now ’r‘hpnrnm 1 in reference 8] so as to unner
Ve apply now lheorem 1 1n reierence (o sO as to upper

bound the term ||Q (955 —9°)||. Since u is assumed to
be Fi-measurable, and also considering Assumption 1,
by this theorem we obtain the upper bound on the least
squares estimation error:

IIA‘QL/,F\LS AONN2 _ AN~ e I WY o 173
liwe \Vy —V || = UU0BUIT Wt))), &8 \v)
1
my o o =121 o i PR NN
il0e term ”\wt '1‘ au} L{t || Call llbbﬁdu UU Ilall-
dled as follows. Denote by {A1., Antm+1,t}

[t

i alganunlitac ~F Aa P
})UDLML Ve UTLLLIVE

LIE Uls\:llvd:luﬁb L the
Qt. Since @; is symmetric and positive definite,

Avriad PRV A R IR I RS A Al thad
bllClC €xXiS1s an oruionorimal matrix .Lt sucn Illl U

Q =T dwg(/\lt, o Anmet, )T, and Qt =
T dmg(f /\n+m+1 t)T . Then,

matrix

(Qet+oed)™ th = Ty(T; N Qe+ )Ty) M T ththT_

An+771:+1 t \ T_

1

2Z
=T, diag { Lt
t /\n+m+1 t +Ott/

A +ag

This implies that

/ 1 \
0t ( at ) (7)
I(Q¢ + o) Q It = X 1 Neton )
\ /
Consider now the function: f(z) = i ,z > 0. Such
T+ oy 3
1.~3

a function has an absolute maximum value sa, * in

—0)+(Q+acl) T QB —5°).

T = ot. It then obviously follows from equation (7)

that

1

Qe + D)1 QF|| < 2ot (8)

Substituting the estimatés (6) and (8) in inequality (5),
we obtain

1
16: = 3] < |16° — 3| + b [ 8L
\ o

hat
U

Y = a0 we than ahtain
7 v 114,

— A/, WCT ulcil ooLaln

> e+

Ve > 0 there exists a time instant 7 such that ||J; —
J)] < [[9° — 9| +¢ Vt > 7. By Assumption 3, this
implies that there exists a finite time instant ¢ such
that 9; € S(J,r), Vt > £, i.e. point ). m]

Part i) in Theorem 1 shows that 9, € S(d,r), that
is the projection operation (2.5) is disconnected, in the
long run. As a consequence of this fact, the estimate J;
preserves closed-loop properties similar to those of the
least squares algorithm. In addition, the uniform con-
trollability of the model is guaranteed. This is precisely
stated in Theorem 2 below. Preliminarily, we remind
that a standard measure of the controllability of model
Yt = @9 + n; is given by the absolute value of the

determinant of the Sylvester matrix, namely Sylv(d)
(see e.g. [9]).

Theorem 2 (Properties of the estimate 9;)
i) There exists a constant ¢ > O such that
|det(Sylv(¥e))| > ¢, V ¢, as..

UJ.

i) Assume that u; is Fy-measurable. Then, the identi-

fication error sa_lsﬁes a.s. the following bound

19° 3| o [ 1080mas (i wr-10F_ + Q)+
G, =
k /\min(22=1 Yk—19L_, +Q)

Proof.
Part 1) Since the
£art 1/ since ine

a
determinant is a continuous function of the
trictly positive for any ¥ € S'ﬁ )

bt hadatahd == ARV A

|det(Sylv(19))| > 0. Pomt i)

bsolute value of the Svlve
0SOIULE V € Y1V

rameter 9 and it is st

we can take ¢ := min
9€S(9,r)

then immediately follows from the definition of ¥J; in
equation (2.5).

Part ii) Let us rewrite the performance index D;(9)
as a function of the least squares estimate ¥;° =

ar min Vi (49):

9, mmin  Vi(J)
t

o7\ o fa ALs\T I M17.a AL S\

LDv) =V =V ) |2 Pe-1Pk—1 TV =V )
k=1

L 1.0 T2 4 Y7 /.ALSN

+ag||v — V||° + Vv )-



From the definition of 1§t, it follows that
Dy(9s) — Vi(B;°) < Di(8°) = Ve(95°) = O(cu)  (9)

a.s., where the last equality is a consequence of the
already cited Theorem 1 in [8] and of the boundedness
of 9°. Consider now the inequality

t
(8° = 90)TY pr-10h_1 + Q1(9° = By)

k=1

¢
< 2{(8° = 9)T[Y w10y + QU9° — 9E°)
k=1
t
+(0° - ﬁt)T[Z Pr-101_1 + Q(ES — By}
k=1

Since in view of equation {9) both terms in the right-
hand-side are almost surely O(a;), we get

(&7
a.s..
Amin(ch:l (Pk—l‘P’{_1 + Q))

Since J; = 9, ¥t > I (point i) in Theorem 1) and
also recalling definition (4) of a;, point ) immediately
follows. O

HW—&W=0<

4 Stabilization via adaptive pole placement

Let A*(q™1) = Y225  azq™# (s = max{n,m+d}) be an
arbitrary stable polynomial with a§ = 1. Given a con-
trollable system y; = 7,9 + ny, it is known (see e.g.
[10]) that there exist unique polynomials L(J;¢~1) =
Yoo Li(®)g™t and R(%;q7Y) = TIZ{ ri(d) g~ such

that the closed-loop system

{ ye =[1— AW 7))y + B(O;¢7 ) ug + 1y
up = L(9;q7Y) (ye — y3) + R(%;¢71)

has characteristic polynomial A*(¢~!), {y;} being a
bounded and deterministic reference signal.
The coeficients {l;(9)}i=o,...,s—1 and {r;(¥)}i=1,....s—1
are in fact given by the following equation

1 1
—T1 a{
: a3
—re_1 | = Sylv(9)? : . (10
—lo a;_;
L _la—l J L a;s—l J

In adaptive control the system parameter vector 9° is
unknown. Then, according to the certainty equivalence
principle, one chooses the control law so as to assign the
closed-loop poles to the estimated system, as if it were
the true system. If the estimated system accurately

describes the true system, one should be succeeding
in stabilizing the true system through this procedure.
When dealing with time-varying estimated parameters,
it is a wise and widely adopted - see e.g. [11] - strategy
to update the estimate at a slower rate than the system
variables updating rate. In this way, the slow time
variability of the corresponding adaptive control law
cannot hamper the overall stability of the closed-loop
control system. Following this idea, we incorporate a
freezing feature in the estimator. Precisely, we use the
following parameter estimate

Iy, ift=1iT,i=0,1,2,...
e = { ¥:_1, otherwise. (11)
In Theorem 3 it is shown that the updating time inter-
val T can be selected so as to uniformly stabilize the
estimated time-varying system. This result is funda-
mental in order to prove that the pole placement con-
trol law tuned to the estimated parameter with freezing
(11) is in fact able to stabilize the unknown true system
(Theorem 4).
We first introduce some notations to which we shall re-
fer in the theorem below.
Consider the autonomous estimated system:

ye = [1 — AWy 07 )] ye + B(9¢507 1) ue (12)
ug = L(%y; ") ye + R(9¢;07 1) ue :

By letting =; := [yt ... Ys—ps1Us .. .ut_q+1]T with p =
max{s —1,n}, ¢ = max{s — 1,d +m}, system (12) can
be given the state space representation

Iy = F(ﬁt)xt—l,

where matrix F(¥) is defined in equation (13) below
and a; = 0if i > n, li(‘l?) =0ifi>s-1,b=01if
i<dori>d+m,r(d)=0ifi>s-1.

Theorem 3
Fix a constant ¢ < 1 (contraction constant) and set

T(9) = inf{r € Z4 : |F(9)"]| < ).

Then, supyeg (s, T'(9) is finite and with the position
T := supgeg(s, T'(¥) in (11) we have that the au-
tonomous system z; = F(&) z;—1 is a.s. exponentially
stable, uniformly in time: ||z:|| < M7t ||z, V, t*,
t* < t, where M > 0 and 0 < 7 < 1 are suitable
constants.

Proof.

The proof of the theorem is omitted due to space lim-
itations. However, based on the stability of the frozen
matrix F'(9;) and its slow time-variability (see (11)),
the interested reader can work out by himself the rather
simple proof. a
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Theorem 4 (L?-stability)
With the same positions as in Theorem 3, the closed-
loop system

=[1-A@®°%5¢ D]y + B g Nue+ne (4
L we=L0;q ") (¥ —y;) + R(0t;07) ue A

is pathwise L2-stable:
Nooo

)
lim sup —1:7 D +y] <
=1

(]

The proof of Theorem 4 is based on the following
Lemma whose technical proof is omitted due to space

Lemmal
Consider a sequence of I-dimensional vectors {v;} such
that the following assumptions are satisfied:

i) {v:} is bounded: ||v]| < 7, Vi

4) {v:} is piecewise constant: vy = vy, t € [ti, tiy1),
where £; is such that T := sup(f;41 — t;) < 0.
i
Given a second I-dimensional vector sequence {z;} such
that

i) 3 (T v = o3 llal?) + O(1), Vi,

=0 . =0

it follows that

N N

N7 T2 — (N 112 o Y

VAV It ¥ U\ IRt T4 )
=0, t&Bn t=0

where By is a set of instant points which depends on
N, whose cardinality, however, is upper bounded by T'!
for any N: |By| < Tl, VN. |

Proof of Theorem 4.

Fix a time instant point N > 0.

Since {9¥° — ¥;} is bounded and constant over [¢T, ( +

1T) (see (1)), Vi, T < o0 (see Theorem 3), and
o (0F (9°=9:))? = o(TiZ, lpe-1])+0(1), Vi

(see Theorem 2), we can apply Lemma 1 to get an

upper bound on the pathwise square average of the

by bq 7

(13)

identification error e; := @f ,(9° — ¥;) up to time N.
Such a bound is given by

N

where the set By of instant points depends on N,
but has a cardinality which is upper bounded by
(n+m+ 1)N for any N.

In the time interval [0,N] the state vector z; =
[yt Y10 Yt—pt1 U Ut—1 . ut_q+1]T associated with
system (14) is governed by the following equation

[ F(’l9t) Ti-1 + G(ﬂt)[et + nt] - HL(’L9t, 1‘2 s
Bx
““1F%Mm4+mmm—Huw4ﬂw, !
t € By
(16)
where F°(d) is given in equation (17) below and vec-
tors G(¥9) and H are respectively given by G(9) =
[10...00(9)0...0)T and H =[00...010...0].
Since 9; belongs to the compact set S(9,r) and F°(¥9)
and G(¥) are continuous function of 9, # € S(9,r), we
then have that ||F°(9:)|| < h and ||G(F:)|| < h, h being
a suitable constant. From this fact and the uniform ex-
ponential stability of z; = F(9;)z:~1 (Theorem 3), it
is easily understood that the state vector z; generated
by system (16) can be bounded as follows

\

lzell < (h M)BNI{=1BN]||zo | + S pt=k=1Bn]
¢
[inki + ig;i] - Z ptk—IBN) ek‘}, t <N,
k=0,k¢BN

where 75 := L(9,¢" )y

hQ‘VID

%- As a consequence, we also

llzeli? < k{52 |zoll? + Sk o 72 *nd + (31)?)

¢ —t—k ,2
+ Zk:o,k;@BN v ek}7 t S N)

ki1 being a suitable constant, independent of N.
Bearing in mind the definition of the observation vector
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N N
Lnsotu%/cz{—nmon‘ Zn? L(
Nt:O t=0 Nt'—O
1 N
+v 2 e} (18)
t=0,t¢Bn
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f the ﬁrst three terms in the
i

o
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a3
>
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=
B
S o
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7]
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L X N
= Y el =0Q1) + o(= D lleell®),

which implies- that & 3", , ", llosl? remains bounded.
Then, the thesis immediately follows. a

5 Conclusions

In the present contribution, we have introduced a new
identification algorithm securing the estimated system
controllability, which is widely recognized as a cen-
tral problem in adaptive control. The proposed ap-
proach requires some a-priori knowledge on the region
to which the true parameter belongs, but, in contrast
with other methods, it has the advantage to be easily
implementable. It is therefore suggested as an effec-
tive solution to the controllability problem in all the
situations in which the required a-priori knowledge is
available.
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