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Abstract— This paper presents a novel approach to iden-
tification of continuous-time systems directly from the sam-
pled I/O data based on trial iterations. The method achieves
identification through ILC (iterative learning control) concepts
in the presence of heavy measurement noise. The robustness
against measurement noise is achieved through (i) projection of
continuous-time I/O signals onto a finite dimensional parameter
space and (ii) Kalman filter type noise reduction. In addition,
an alternative simpler method is given with some robustness
analysis. Its effectiveness is demonstrated through numerical
examples for a non-minimum phase plant.

I. INTRODUCTION

One of the most important issues in control system design
is to obtain an accurate model of the plant to be controlled.
Though most of the existing identification methods are
described in discrete-time, it would be convenient to have
continuous-time models directly from the sampled I/O data.
Indeed most design tools are suitable for continuous-time
systems and it is easy for us to capture the plant dynamics
intuitively in continuous-time rather than in discrete-time.

The basic difficulty of the direct identification approach
lies in handling the time-derivatives of I/O data in the
presence of measurement noise. A lot of effort has been made
to circumvent the need to reconstruct these time derivatives.
A comprehensive survey of these techniques has been first
given by [19] and then by [17]. A book has also been
devoted to these so-called direct methods [14]. Furthermore
the Continuous-Time System Identification (CONTSID) tool-
box has been developed on the basis of these methods [6],
[7], [5].

On the other hand, iterative learning control (ILC) has
attracted much attention over the last two decades as a
powerful model-free control method [2], [12], [10], [3],
[4], [18], [1]. ILC returns the desired input which achieves
perfect tracking by iteration of trials for uncertain systems.
Though ILC can deal with plants having large uncertainty,
most ILC approaches need time-derivatives of I/O data in the
continuous-time case, [15], and therefore it is quite sensitive
to measurement noise. Recently, Hamamoto and Sugie, [8],
[9], have proposed an ILC where learning law works in
the prescribed finite-dimensional subspace, showing that any
time-derivative of tracking error is not required to achieve
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perfect tracking for uncertain systems in continuous-time.
Based on this work, Sugie and Sakai [13], [16] proposed
an ILC which works in the presence of heavy measurement
noise (such as more than 30% noise to signal ratio), and
the method is shown to be applicable to identification of
continuous-time systems. This method has several advan-
tages such as (i) no time-derivatives of I/O data is required,
(ii) unbiased estimation is obtained, and (iii) the identified
model quality can be estimated by watching the tracking
control performance in experiments. The system class, how-
ever, is restricted to those having no zeros (i.e., all pole
types). Therefore, from the view point of identification, this
restriction should be removed.

The purpose of this paper is to propose an identification
method for linear continuous-time systems having poles
and zeros based on the ILC approach proposed in [13],
[16]. Moreover, differently from [13] and [16], the method
guarantees zero convergence of the parameter estimation
errors as the trial number increases.

The following notation will be used. The superscript of the
variables denotes the trial number and the subscript denotes
the element number of a set or a matrix. Namely, the input
u of the kth trial is denoted by uk and the ith element of
the vector x is denoted by xi.

II. SYSTEM DESCRIPTION

Consider the continuous-time SISO system described by

y(t) =
B◦(p)
A◦(p)

u(t) � β◦
0 + β◦

1p + · · · + β◦
mpm

1 + α◦
1p + · · · + α◦

npn
u(t) (1)

where u(t) ∈ L2[0, T ] and y(t) ∈ L2[0, T ] are the input
and the output, respectively. α◦

i ∈ R (i = 0, 1, · · · , n) and
β◦

i ∈ R (i = 0, 1, · · · ,m) are coefficient parameters, while
p is the differential operator, i.e., pu(t) = du(t)/dt. We
assume the following:

• The system has zero initial state.
• Though the true parameters α◦

i and β◦
i are unknown,

A◦(p) and B◦(p) are coprime and their order n and m
are known.

• We can measure ỹ(t), the output contaminated with
noise,

ỹ(t) = y(t) + w(t) (2)

and w(t) is zero-mean measurement noise.
• We can repeat the experiments at the same initial

condition on the time interval [0, T ].
The goal is to find the system model among the model

class described by

M =
{

B(p)
A(p)

=
β0 + β1p + · · · + βmpm

1 + α1p + · · ·αnpn

}
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based on the sampled I/O data {u(iTs), ỹ(iTs)} (i =
0, 1, 2, · · · , N), where Ts denotes the sampling period satis-
fying NTs = T .

III. IDENTIFICATION PROCEDURE

This section gives an identification procedure through
iteration of trials.

A. Data generation scheme and parameter update law

First, choose a signal r(t) ∈ L2[0, T ] which is at least n
times continuously differentiable. Then, perform the follow-
ing experiment at the k-th trial as shown in Fig. 1, which
produces the signal εk(t) when the parameter estimates
αk

1 , · · · , αk
n, βk

0 , · · · , βk
m from the previous trial are given.

(i) Define

Ak(p) = 1 + αk
1p + · · · + αk

npn

Bk(p) = βk
0 + βk

1p + · · · + βk
mpm

(ii) Generate uk(t) = Ak(p)r(t).
(iii) Inject uk(t) into the system, and collect ỹk(t).
(iv) Generate Bk(p)r(t).
(v) Obtain the mismatch signal εk(t) by

εk(t) = ỹk(t) − Bk(p)r(t)

=
(

B◦(p)
A◦(p)

Ak(p)r(t) + wk(t)
)
− Bk(p)r(t).

Note that εk(t) is obtained without taking any derivative of
noisy measurements, only derivatives of r(t) are required.

Now, we introduce n + m + 1 basis functions
f1(t), . . . , fn+m+1(t) ∈ L2[0, T ] which satisfy the following
condition.
Condition 1: For B(p)/A(p) ∈ M, if∫ T

0

(
B◦(p)A(p) − B(p)A◦(p)

A◦(p)
r(t)

)
· fi(t) = 0,

i = 1, . . . , n + m + 1, (3)

are satisfied, then B◦(p)A(p) − B(p)A◦(p) = 0 holds.

Note also that B◦(p)A(p) − B(p)A◦(p) = 0 implies that
B(p) = B◦(p) and A(p) = A◦(p) since A◦(p) and B◦(p)
are coprime.

Then, project εk(t) onto the finite-dimensional subspace
described by

F � span{f1(t), f2(t), · · · , fn+m+1(t)}

−+
+

+

Projection

Ak(p) Bk(p)
r(t) uk(t)

wk(t)

r(t)

εk(t)

δk

B◦(p)

A◦(p)

Fig. 1. Data generation scheme at k-th tried

Let the projection of εk(t) onto F be

εk(t)|F = δk
1f1(t) + · · · + δk

n+m+1fn+m+1(t)

and define δk � [δk
1 , · · · , δk

n+m+1]
T as its vector represen-

tation.
We are now in a position to describe how parameters

αk
1 , · · · , αk

n, βk
0 , · · · , βk

m are updated. Let for brevity

γ◦ = [α◦
1, · · · , α◦

n, β◦
0 , · · · , β◦

m]T ,

γk = [αk
1 , · · · , αk

n, βk
0 , · · · , βk

m]T ,

then the iterative identification procedure is described as
follows where ε0 > 0 is chosen by the designer:

Step 0) Given γ0, set k = 0.
Step 1) Generate δk from γk according to the scheme as

shown in Fig. 1.
Step 2) Update γk by the following rule.

γk+1 = γk + Hkδk (4)

where Hk is the learning gain. If ‖γk+1 − γk‖ ≤
ε0, stop the iteration. Otherwise, set k = k +1 and
go back to Step 1.

The choice of Hk will be discussed in the next subsection.

B. Optimal selection of Hk

First, we rewrite δk in a more convenient form.
Let for the time being wk(t) = 0 (wk(t) will be rein-

troduced later). A simple inspection reveals that step 1 in
the identification procedure defines an affine operator from
R

n+m+1 (space for γk) and R
n+m+1 (space for δk), that is

δk = Mγk + δ̄k, (5)

where M is a (n + m + 1)× (n + m + 1) matrix and δ̄k is
the offset term. Note, from (3) we know that δk = 0 implies
γk = γ◦. This means that the equation

0 = Mγk + δ̄k

has the only solution γk = γ◦, so that M is non-singular
and δ̄k = −Mγ◦. Thus, (5) can be re-written as

δk = M(γk − γ◦)

with M non-singular. When noise wk(t) is taken into ac-
count, δk becomes

δk = M(γk − γ◦) + νk, (6)

where νk accounts for the projection w(t)k onto F .
Eqns. (4) and (6) yield

γk+1 = γk + HkM(γk − γ◦) + Hkνk.

Thus, defining γ̃k � γk − γ◦, we have

γ̃k+1 = (I + HkM)γ̃k + Hkνk (7)

which is the equation that describes how the error δk

propagates through trials. Now, define

N � E[νk(νk)T ], P k � E[γ̃k(γ̃k)T ]
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We next discuss how to select Hk so as to reduce P k

optimally under the assumption that M and N are known.
The obtained results will drive us later in the selection of
Hk when this assumption will be relaxed. Noise is assumed
to be independent in different experiments.

From (7), we have:

P k+1 = E
[{(I + HkM)γ̃k + Hkνk}

{(I + HkM)γ̃k + Hkνk}T
]

= (I + HkM)P k(I + HkM)T + HkN(Hk)T . (8)

Therefore, P k+1 is minimized by

Hk = −P kMT (MP kMT + N)−1. (9)

This latter equation should be initialized with P 0 =
E[γ̃0(γ̃0)T ]. If such a P 0 is not known and a conventional
P 0 > 0 is instead used, optimality is lost but the convergence
result in Theorem 1 below can be shown to be still valid.

With this choice, we obtain

P k+1 = P k − P kMT (MP kMT + N)−1MP k. (10)

Eqns. (9) and (10) give the way to select Hk.

For this choice of Hk, we obtain the following result.
Theorem 1: If the updating law (4) with (9) and (10) is
adopted, then

P k = E[(γk − γ◦)(γk − γ◦)T ] → 0, as k → ∞. (11)

Proof:
In (8) take Hk = −ρM−1 with 0 < ρ < 1 (instead of (9))

and denote the corresponding solution by P k
ρ . Let P 0

ρ = P 0.
Then we have

P k+1
ρ = (1 − ρ)2P k

ρ + M−1N(M−1)T ρ2,

from which

P k
ρ ≤ (1 − ρ)2kP 0 + M−1N(M−1)T ρ2

∞∑
n=0

(1 − ρ)2n

= (1 − ρ)2kP 0 + M−1N(M−1)T ρ

2 − ρ

holds and the first term vanishes as k grows.
Now we claim that P k ≤ P k

ρ holds for any k. By induction
P 0 = P 0

ρ . Assume P k ≤ P k
ρ . Then we obtain

P k+1 = (I + HkM)P k(I + HkM)T + HkN(Hk)T

≤ [
since Hk in (9) is optimal

]
≤ (I − ρM−1M)P k(I − ρM−1M)T

+ ρM−1Nρ(M−1)T

= (1 − ρ)2P k + M−1N(M−1)T ρ2

≤ (1 − ρ)2P k
ρ + M−1N(M−1)T ρ2

= P k+1
ρ ,

so closing the induction. Consequently, we have

lim
k→∞

P k ≤ lim
k→∞

P k
ρ = M−1N(M−1)T ρ

2 − ρ
.

The right-hand-side can be made arbitrarily small by select-
ing ρ close to zero while the left-hand-side does not depend
on ρ. Thus, the left-hand-side has to be zero. (Q.E.D.)

This theorem implies that the proposed method gives us
the true parameters γ◦ in the presence of measurement noise
through iteration of trials.

IV. SIMPLIFIED LEARNING GAIN

The gain determined by (9) and (10) is optimal and should
therefore be implemented as such when M and N are known
or when a good estimate of M and N is available. It performs
an optimal compromise between exploitation of information
and rejection of noise. In the case when N = 0 (no noise)
we have:

H0 = −P 0MT (MP 0MT + 0)−1 = −M−1,

so that

γ̃1 = (I + H0M)γ̃0 + H0ν0 = 0 + 0 = 0,

and error goes to zero in one step.
Simpler updating rules for Hk can be used, however, that

still guarantee the error convergence to zero. One such rule
is given by

Hk = − 1
k + 1

M−1 (12)

A. Convergence analysis

Theorem 2: If we adopt the updating law (4) with (12), then

E[
(
γ̃k − γ◦) (

γ̃k − γ◦)T
] → 0, as k → ∞.

Proof: Since

γ̃k+1 = (I + HkM)γ̃k + Hkνk

=
(

I − 1
k + 1

M−1M

)
γ̃k − 1

k + 1
M−1νk

=
k

k + 1
γ̃k − 1

k + 1
M−1νk

holds, we have

E[γ̃k+1(γ̃k+1)T ]

=
k2

(k + 1)2
E[γ̃k(γ̃k)T ] +

1
(k + 1)2

M−1N(M−1)T

=
1

(k + 1)2
M−1N(M−1)T

+
k2

(k + 1)2
· 1
k2

M−1N(M−1)T

+ · · ·
+

k2

(k + 1)2
· (k − 1)2

k2
· · · 1

12
M−1N(M−1)T

=
[

1
(k + 1)2

+ · · · + 1
(k + 1)2

]
︸ ︷︷ ︸

(k+1)−times

M−1N(M−1)T

=
1

k + 1
M−1N(M−1)T . (13)
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The above term vanishes as k → ∞, which proves the
theorem. (Q.E.D.)
Remark 2: One important merit of (12) is stated as follows.
From (13), it is obvious that if N = 0 (no noise) we
get E[γ̃1(γ̃1)T ] = 0, i.e., error goes to zero in one step
like for the optimal choice (9) and (10). The reason why
this happens is that H1 = −M−1 so that γ̃1 = (I −
M−1M)γ0−M−1ν0 = −M−1ν0 and initial error is killed
in 1 step. This is not immediate in other contexts where the
observation matrix (M here) is not invertible. Note also that,
E[γ̃k+1(γ̃k+1)T ] depends linearly on N . This is important
since we expect that N is small because νk is obtained via
projection.

B. Robustness analysis

Suppose now we only have an estimate M̂ of M . So that
we implement

Hk = − 1
k + 1

M̂−1 (14)

in place of (12). We next want to investigate conditions under
which E[γ̃k(γ̃k)T ] → 0 still holds using (14).

Theorem 3: If xT M̂−1Mx > 0 holds for ∀x �= 0, then
E[γ̃k(γ̃k)T ] → 0 with the choice of (14).

Remark 3: In the scalar case xT M̂−1Mx > 0 suit means
that M and M̂ have the the same sign.

Proof: Omitted due to space limitations. (Q.E.D.)

V. DIGITAL IMPLEMENTATION

In this section, we discuss how to implement the iterative
identification method when the I/O data are available only
on the sampled time and the input is injected to the plant via
a zero-order holder.

A. Basis and reference signal

First, we take a “rich” signal s0(t) ∈ L2[0, T ], which is
n + m times continuously differentiable, and define

Vs(t) =
[
s0(t),

ds0(t)
dt

, . . . ,
dn+ms0(t)

dtn+m

]

� [s0(t), s1(t), . . . , sn+m(t)] .

In addition, for digital implementation, we define Vds ∈
R

(N+1)×(n+m+1) by

Vds �

⎡
⎢⎢⎢⎣

s0(0) s1(0) . . . sn+m(0)
s0(Ts) s1(Ts) . . . sn+m(Ts)

...
... . . .

...
s0(NTs) s1(NTs) . . . sn+m(NTs)

⎤
⎥⎥⎥⎦

and let the QR decomposition of Vds be

Vds = UR, UT U = In+m+1, (15)

where U � [f1,f2, . . . ,fn+m+1] ∈ R
(N+1)×(nf +1) and

R ∈ R
(n+m+1)×(n+m+1) is a nonsingular upper triangular

matrix. The signal s0(t) is supposed to satisfy

rank(V T
dsVds) = n + m + 1. (16)

These fi’s constitute the orthogonal basis of the projection.
Next, we choose r(t) which is at least n times continu-

ously differentiable, and define Vr(t), αk and βk by

Vr(t) =
[
r(t),

dr(t)
dt

, . . . ,
dnr(t)
dtn

]
,

αk �
[
1, αk

1 , . . . , αk
n

]T
,

βk �
[
βk

0 , βk
1 , . . . , βk

m

]T
.

Then, uk(t) = Ak(p)r(t) and Bk(p)r(t) are determined by

Ak(p)r(t) = Vr(t)αk,

Bk(p)r(t) = Vr(t)[1 : m + 1]βk,

where Vr(t)[1 : m + 1] means the vector which consists of
the columns of 1 through (m + 1) of Vr(t). Since the data
are available only at sampled times, we define

uk � [uk(0), uk(Ts), · · · , uk(NTs)]T ∈ R
N+1,

ỹk � [ỹk(0), ỹk(Ts), · · · , ỹk(NTs)]T ∈ R
N+1.

yk ∈ R
N+1, εk ∈ R

N+1 and wk ∈ R
N+1 are defined in the

same way. Similarly, we let Vdr ∈ R
(N+1)×(n+m+1) be

Vdr �

⎡
⎢⎢⎢⎣

r(0) ṙ(0) . . . r(n)(0)
r(Ts) ṙ(Ts) . . . r(n)(Ts)

...
... . . .

...
r(NTs) ṙ(NTs) . . . r(n)(NTs)

⎤
⎥⎥⎥⎦ .

Then, we have
uk = Vdrα

k.

B. Estimate of M

In this subsection, we will show how to estimate M from
the available I/O data.

Since, the plant (1) is SISO LTI, yk and uk are linked by

yk = Guk (17)

irrespective of k, where G ∈ R
(N+1×N+1) is a system-

dependant matrix of the form

G =

⎡
⎢⎢⎢⎢⎢⎣

g0 0 0 . . . 0
g1 g0 0 . . . 0
g2 g1 g0 . . . 0
...

...
... . . .

...
gN gN−1 gN−2 . . . g0

⎤
⎥⎥⎥⎥⎥⎦ .

The first column of G is the output y when we inject the
input u = [1, 0, 0, · · · , 0]T held with a zero-order holder.

The mismatch signal εk is obtained as

εk = GVdrα
k − Vdr[1 : m + 1]βk + wk.

Since fi (i = 1, 2, . . . , n + m + 1) is an orthogonal basis,
the projection of εk onto span{f1,f2, . . . ,fn+m+1} is

δk = UT εk.

Therefore, M and δ̄k in (5) are given by

M = UT [GVdr[2 : n + 1], − Vdr[1 : m + 1]] , (18)

δ̄k = UT GVdr[1]. (19)
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Fig. 2. Output with noise for impulse-like input

Also, the initial estimate of the parameter vector, γ0, is given
by

γ0 = −M−1δ̄k. (20)

Clearly, eqns. (18) and (20) cannot be directly used to
compute M and γ0 since they contain G which in turn
depends on the unknown system. One way to obtain an
estimate of G, say Ĝ, is to get the data gi (i = 1, · · · , N)
through an experiment.

VI. NUMERICAL EXAMPLE

We will evaluate the effectiveness of the proposed method
through simulation in this subsection.

Consider a linear, fourth-order, non-minimum phase sys-
tem with complex poles whose transfer function (The Rao-
Garnier test system [11]) is given by:

P (s) =
K(−T1s + 1)(

s2

ω2
n,1

+ 2ζ1s
ωn,1

+ 1
) (

s2

ω2
n,2

+ 2ζ2s
ωn,2

+ 1
) (21)

where K = 1, T1 = 4[s], ωn,1 = 20[rad/s], ζ1 = 0.1,
ωn,2 = 2[rad/s], and ζ2 = 0.25. The time interval of each
trial is T = 10[s], and the sampling period is Ts = 10[ms].
Namely, the number of data used for one trial is 1001.

The signal s0(t) is chosen to be the output of the following
system

F (s) =
26

(s + 2)6

when an RBS (Random Binary Signal) is injected. We also
choose r(t) = s0(t) for simplicity.

Fig. 2 shows an example of the measured output data
ỹ(t) contaminated with noise (noise to signal ratio (NSR) is
30%) when we inject u = [1, 0, 0, · · · , 0]T with zero-order
hold. We take ĝi = ỹ(Tsi) (i = 0, 1, . . . , N) to calculate the
estimate of M and γ0.

We next proceed to iterative identification. During the
iteration process, the measurement noise is white with zero
mean and variance σ2. The variance σ2 of the measurement
noise is chosen so that the NSR will be 30%.

The behavior of the measured output ỹ(t) at the 5th trial is
also shown by the dotted line in Fig. 3. The signal Bk(p)r(t)

0 2 4 6 8 10
−0.5

0

0.5

Time [s]

O
ut

pu
t

Fig. 3. Measured output ỹ(t) and Bk(p)r(t) at 5th trial (NSR:30%)
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Fig. 4. Bode plots of the estimated system (k = 5)

is also shown by the thick line. This figure shows that yk(t)
tracks Bk(p)r(t) very well against the heavy measurement
noise, which indicates that the plant model is identified
accurately. To confirm this, Bode plots of the estimated
system at the 5th trial are shown in Fig. 4 for 50 runs of
the algorithm. The thick line represents the Bode plot of the
true system.

Fig. 5 shows an example of the estimated coefficients at
each trial k (= 1, 2, · · · , 10). From this figure, we see that
the initial estimation is improved quickly and the estimation
result is robust against measurement noise at each trial.
The Euclidean norm of the parameter estimation error is
shown in Fig. 6. From this figure, we see that the estimation
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Fig. 5. Identified coefficients γk in each trial (True value: α1 = 0.26,
α2 = 0.255, α3 = 0.003125, α4 = 0.000625, β0 = 1, β1 = −4)
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Fig. 6. Euclidean norm of the parameter estimation error ‖γk − γ◦‖

error actually converges to 0 by increasing the number of
iterations.

VII. CONCLUSIONS

The paper has given a novel approach to identification
of linear continuous-time systems directly from the sampled
I/O data based on the iterative learning control concept. The
method achieves identification through repetition of trials
in presence of heavy measurement noise. The robustness
against measurement noise is achieved through (i) projection
of continuous-time I/O signals onto a finite dimensional
parameter space and (ii) Kalman filter type noise reduction.
In addition, an alternative simpler method has been given
with some robustness analysis. This method has several
advantages such as no time-derivatives of I/O data is required
and no data re-processing (e.g., decimation or filtering) is
necessary. In addition, the identified model quality can be
estimated by watching the tracking control performance in
experiments. The effectiveness of the proposed method has
been demonstrated through numerical examples for a non-
minimum phase plant.
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